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Introduction 

In 1972 J. L. Taylor introduced in his paper |36| an operation, which associates to an arbitrary topological 
algebra A a new topological algebr£0 called by A. Ya. Helemskii later "the Arens-Michael envelope of 
A" [13]. Immediately after that in his next paper [371 Taylor gave an amusing formulaH which suggests an 
unexpectedly simple way to formalize the heuristically evident connection between algebraic geometry and 
complex analysis: 

nu'f = e>(c") (A) 

(here 7^(0") and ^^(C") are the algebras of polynomials and, respectively, of holomorphic functions on the 
complex space C"). Despite this promising application, up to the end of the century Taylor's construction did 
not manifest itself in mathematical literature, and only recently the interest to the operation A i— > A^ appeared 
again in A.Yu.Pirkovskii's papers on "holomorphic non-commutative geometry" |26j . [27] . In particular, in |27] 
formula was generalized to the case of arbitrary affine algebraic manifold M: 

ViM)"^ = 0{M). (B) 

This identity very soon was applied by the author in [3] to the construction of a generalization of Pontrya- 
gin's duality from the category of commutative compactly generated Stein groups to the category of arbitrary 
compactly generated Stein groups with the algebraic connected component of identity. The idea of the duality 
suggested in [3] is illustrated by the diagram 



(C) 



H Oexp(G) 



where G is a group of the described class, 0{G) the algebra of holomorphic functions on G, Oexp{G) its 
subalgebra, consisting of functions of exponential type, A i— > A'^ the operation of taking Arens-Michael envelope, 
and X !-!> X* the operatin of passage to the dual stereotype space in the sense of 0, i.e. to the space of linear 
continuous functionals with the topology of uniform convergence on totally bounded sets (in this case this is 
equivalent to the uniform convergence on compact sets). 

One can call duality, presented in diagram ([C]), the complex geometry duality, having in mind the class 
of objects under consideration. The obtained theory for the described class of groups contrasts with the 
other existing theories in the following two points. First, its enveloping category (in which the group algebras 
lie) consists of Hopf algebras. And, second, the diagram (0 suggests a natural way for constructing the 
analogous dualities for the "other geometries", in particular, for differential geometry and for topology: one 
should just replace the Arens-Michael envelope in diagrams analogous to ((C|) with some other envelopes (and 
this automatically leads to the replacing of the constructions in the corners of the diagram with some proper 
analogs from analysis) . This alleged connection between different dualities in geometry and different envelopes of 
topological algebras was recently vouched by another example: in the work by J. N. Kuznetsova PT] the Arens- 
Michael envelope was replaced by the C*-envelop41, and this immediately led to a variant of topological duality, 
where the Stein groups are replaced by the Moore groups, and the algebras 0{G) and Oexp(G), respectively, 
by the algebra C{G) of continuous functions on G and the algebra /C(G) of coefficients of norm-continuous 
representations of G. 

It is interesting (and predictable), that in these theories the classical Fourier and Gelfand transforms are 
interpreted as envelopes with respect to the prescribed class of algebras (see below Theorems I4.22[ 14.291 and 

KM- 

This paper is intended as a part of the program, suggested in [3]. We discuss here the question (which 
remained open up to the last time), how one should define envelopes in general category theory, and under 
which conditions they exist and are functors? We suggest a natural definition (from our point of view) and 
establish some wide necessary and sufficient conditions for existence of envelopes and their dual constructions, 
which we call imprints. As applications, we show that in the categories Ste of stereotype spaces, and Ste® of 
stereotype algebras the envelopes and the imprints exist in a very wide class of situations. We plan to use these 
results further in building the above mentioned duality theory for differential geometry. 

^We use the notation from 3 . 

^Taylor mentions this fact in passing on pages 207 and 251 in |37| . 
■^We give the definition of C*-envelopes on page lllTl 



0. SOME PRELIMINARY FACTS FROM THE CATEGORY THEORY 



3 



Acknowledgements 

The author thanks S. Buschi, Ya. A. Kopylov, B. V. Novikov and A. Yu. Pirkovskii for useful consuhations. 

Agreements and Notation 

Everywhere in category theory we use the termmology of textbooks [S], (3S] and of handbook [11 , and as a set- 
theoretic fundament for the notion of category we choose the Morse-Kelly theory [TB] . We say that a category 
K is 

— injectively (projectively) complete, if each functor K : M ^ K from a small category M (i.e. a category where 
the class of morphisms is a set) has an injective (projective) limit, 

— complete, if it is injectively and projectively complete, 

— finitely injectively (projecctively) complete, if each functor if : M — > K from a finite category M (i.e. a 
category where the class of morphisms is a finite set) has an injective (projective) limit, 

— finitely complete, if it is finitely injectively complete and finitely projectively complete, 

— linearly complete, if any functor from a linearly ordered set to K has injective and projective limits. 

The choice of the Morse-Kelly theory as a fundament justifies the following definition: we say that a category 
K is 

— injectively determined, if there is a map, which to any functor : M — > K from any small category M assigns 
its injective limit, 

— projectively determined, if there exists a map, which to any functor : M — )• K from any small category M 
assigns its projective limit. 

— determined, if it is both injectively and projectively determined. 

Certainly, if a category is injectively (projectively) determined, it is injectively (projectively) complete. But 
inside the Morse-Kelly (or von Neumenn-Bernays-G odel) set theory it is apparently impossible to prove the 
inverse, due to the absence of the analog of the choice axiom for "families of classes" . 

In the theory of topological vector spaces we follow textbooks [TO] and [31] , and in the theory of stereotype 
spaces and algebras author's papers [5] and [3]. By topological algebra we mean locally convex topological 
algebra in the spirit of textbook [32], i.e. locally convex space A over the field C, endowed with associative 
multiplication which is separately continuous and has unit. 

We use also the following notations. First, for any morphism ip : X ^ Y m an arbitrary category the symbols 
Dom((/?) and Ran{ip) mean respectively the domain and the range of (p, i.e. Dom{ip) — X and Ran{(p) — Y. 
Second, for any locally convex space X the symbol U{X) denotes the system of all neighborhoods of zero in X. 
And, third, if a topological space Y is imbedded into a topological space X (injectively, but not necessarily in 
such a way that the topology of Y is inherited from X), and ^ is a subset in Y, then to distinguish the closure 

of A in y from its closure in X, we denote the first one by A , and the second by A . 

Besides this we say that a subset AI in a locally convex space X is total (in X), if its linear span Span AI is 
dense in X: 

SpanM^ = X. 

§ Some preliminary facts from the category theory 
(a) Skeletally small graphs 

Graphs. Recall that an oriented graph is a set V with a given subset F in its cartesian square V x V. The 
elements of V are called vertices, and the elements of F edges of this graph. An oriented graph is said to 
be reflexive, if for each vertex x G V the edge {x, x) belongs to F, and transitive, if for any two edges (x, y) 
and {y, z) from F the pair {x, z) also belongs to F. Obviously, every reflexive transitive oriented graph is a 
(small) category, where objects and morphisms are respectively the vertices and the edges (the multiplication of 
edges {x,y) and {y,z) is the edge {x,z), and local identities Ix are {x,x)). The characteristic property of such 
categories (apart from the requirement if being small), is that the sets of morphisms Mor{A,B) always contain 
at most one element. This justifies the following definition. 
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• A graph is a category K (not necessarily small), where each set of niorphisms Mor(j4, B) contains at most 
one element: 

\/A,BeOh{K) cardMor(A,S) 1. (0.1) 

Clearly, this condition is equivalent to establishing the structure of (reflexive and transitive) oriented 
graph at the class ObK of objects of the category K (with the difference that ObK is not necessarily a set, 
but just a class). 

Properties of graphs: 

1°. In any graph a morphism ip : A ^ B is an isomorphism, iff there exists an arbitrary morphism to the 
reverse direction i/' : A -s— B, 

V(/j e Mor(A,B) ((/jGlso <^ 37/. e Mor(B,A)y (0.2) 

2°. In any graph a composition of morphisms is an identity iff the same remains true after the replacing the 
factors: 

%p o ip = 1 ^==^ tpoij: = l. (0-3) 

3°. In any graph a composition of morphisms ^ o ip is an isomorphism iff both %p and are isomorphisms: 

o e Iso <;=^ V G Iso k. p <E Iso . (0.4) 

Proof. 1. li p : A ^ B and ?/; : A -f- _B, then ijj o ip acts from A into A, so it must coincide with 1^. Similarly, 
ip o ^ acts from B into _B, so it must coincide with 1b- 

2. From i/; o = 1 it follows that Ran p — Dom and Ran = Dom p, and after that we apply the same 
reasoning as in step 1. 

3. 11 u! = xjj o p) ^ Iso, then o ip o uj^^ = 1, so by (j0.3p . p o cu^^ o t/j = 1, hence, ip G Iso, and finally 
p = ip^'^ o cj G Iso. □ 



Partially ordered classes. Every partially ordered set / can be considered as a category, where objects are 
elements of this set, and morphisms are pairs (j,j), for which i ^ j. Such categories K, of course, are special 
cases of graphs, since every set of morphisms VAor{A,B) here contains at most one element (i.e. (10. ip holds). 
But in addition (and this property distinguishes the partially ordered sets among all graphs), for A ^ B the 
existence of a morphism p : A ^ B automatically make impossible the existence of any morphisms ip : A ■'^ B. 
This justifies the following definition. 



• A partially ordered class is a graph, where the existence of opposite morphisms p : A B and ip : A B 
is possible only ii A = B (and then p = tp ~ 1^). In other words, 

Vyl^BGOb(K) Mor{A,B)=^0 =^ Mor(B,^) = 0. (0.5) 

Obviously, these requirements are equivalent to the establishing the structure of partial order at the class 
ObK of objects of the category K (again, like in the previous definition, with the difference that ObK is 
not necessarily a set, but just a class). 

Example 0.1. Category of ordinal numbers Ord. The class Ord of all ordinal numbers with its natural order 
(see e.g. |16j) is an example of a partially ordered class which is not a set. 

Proposition 0.1. In a partially ordered set only local identities are isomorphisms: 

\/peMor{A,B) (^pe\so <^ A = B & p ^ Ia^- 

Proof The identity A = B follows from the fact that Mor(^, B) ^ and Mor(B, A) ^ 0, and the identity 
p = 1a from the fact that p and 1a are colinear arrows in a graph. □ 
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Skeleton. A class S of objects of a category K is called a skeleton of K, if every object in K is isomorphic to 
an exactly one object of S. In other words, S satisfies the following two requirements: 

1) elements of S are isomorphic only if they coincide: 

yX,Y eS {X = Y ^ X = Y); 

2) there exists a map G : Ob(K) S from the class of objects of K to the class S such that 

yx e Ob(K) X = G{X). 

The skeleton S is usually endowed with the structure of a full subcategory in K. Then any two skeletons in 
K (if exist) are isomorphic (as categories), any category K is equivalent to its skeleton S (if S exists), and any 
two categories K and L with skeletons are equivalent, iff their skeletons are isomorphic (as categories). 

• A category K is said to be 

— skeletal, if any two isomorphic objects coincide there (this is equivalent to the requirement that K is 
a skeleton for itself), 

— skeletally small, if it has a skeleton, which is a set. 

Example 0.2. Each partially ordered class is a skeletal category (since as we already noticed only local identities 
are isomorphisms there), but not vice versa. For instance, the category of all finite sets of the form {0, n}, 
n G Z-)_, (with arbitrary maps as morphisms) is skeletal, but it is not a partially ordered class, since a set 
{0, n\ can have many bijections onto itself. 



Transfinite chain condition. 

• Let us say that a (covariant or contravariant) functor F : Ord — >■ K is stabilized, if it satisfies the following 
two equivalent conditions: 

(i) there exists an ordinal number k G Drd such that 

yi^k F{k, I) elso 

(ii) there exists an ordinal number k € Ord such that 

\/l,m (jt ^ I ^ m F(Z,m)elso^ 

Proof of equivalence. The implication (i) <^ (ii) is obvious, so we need to prove only (i) =^ (ii). Let _F be a 
covariant functor (the case of a contravariant functor is considered similarly). If (i) holds, then for k ^ I ^ m 
we have: 

F(k,m) ^ F{l,m) o F{k,l) =^ F{k,m) o F{k,iy^ = F{l,m) =^ F{l,m) e\so 



Iso Iso Iso Iso 

□ 

Remark 0.1. If a category K is a partially ordered class, then by Proposition lO.il for a functor F : Drd K 
the isomorphisms in (i) and (ii) become local identities: 

(i) ' there exists an ordinal number k G Ord such that 

^ A: F{k,l)^lp^k) 

(ii) ' there exists an ordinal number k G Ord such that 

V^,m (jt ^ I !^ m =4> F{l,m) ~ 1f(/) 

Theorem 0.1 (transfinite chain condition). Every functor F : Ord — s- K into an arbitrary skeletally small graph 
K is stabilized. 
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We will need the following 

Lemma 0.1. In the class Ord oj ordinal numbers there is no a cofinal subclass, which is a set. 

Proof. If if is a cofinal subclass in Ord, then Ord becomes a union of a family of sets, indexed by elements of 
K: 

Ord = IJ {« e Ord -.is^k}. 

keK 

Hence \i K \s & set, then Ord must also be a set, but this is not true. □ 

Corollary 0.1. For any directed set I each monotone map F : I ^ Ord has a least upper bound in Ord. 

Proof. It is sufficient to note here that the image F{I) is bounded in Ord. And this in its turn follows from the 
fact that F{I) is a set, and thus cannot be a cofinal subclass in Ord. □ 

Proof of Theorem W.ll Let F : Ord — >■ K be a (covariant or contravariant) functor into a skeletally small graph 
K. Suppose that it is not stabilized, i.e. for any ordinal number i e Ord there is an ordinal number j G Ord such 
that F{i,j) ^ Iso. Let us construct a transfinite sequence of ordinal numbers {kf, i £ Ord} C Ord according to 
the following rules: 

0) We set fco = 0. 

1) If for some ordinal number j G Ord all the ordinal numbers ki with the smaller indices {fc^; i < j} are 
already chosen, then we consider two cases: 

— if j is an isolated ordinal, i.e. j = i + 1 for some i < j, then we take kj with the properties 

h < h+i = kj, F{ki, fci+i) = F(fcj, kj) ^ Iso 

(kj exists due to our assumption that F is not stabilized), 

— if j is a limit ordinal, i.e. j =^ i + 1 for any i < j, then we take kj as the least upper bound of ki: 

kj — lim ki — sup ki 

i<j 

(it exists due to Corollary 10. ip . 
We obtain a transfinite sequence i G Ord n- ki G Ord with the following properties: 

(i) It is cofinal in Ord, since i ^ ki for any i G Ord. 

(ii) For i < j we have F{ki, kj) ^ Iso, since 

i < j =^ i + 1 < j F{ki,kj) 



(we suppose here that is a covariant functor, but for a contravariant one the reasoning is the same). 
Now let 5 C K be a skeleton of K. For any i G Ord we consider the object G{i) G S such that 

G{i) ^ F{h). 

Suppose now that G{i) — G{j) for some i ^ j. Then the morphism F(ki,kj) : G{i) — > G{j) must coincide 
with the local identity ^g(i) — ^G(j)i since the category S is a graph, and therefore it cannot have two different 
colinear morphisms. Thus, F{ki,kj) must be an isomorphism, and, by (ii), this is possible only ii i = j. So we 
obtain that the map G : Ord S" is injective. On the other hand, it turns the class Ord into the set S, and this 
is impossible. □ 



F{ki+i,kj) oF{ki,ki+i) 



tan 



F{ki,kj) ^ Iso 



Iso 
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(b) Monomorphisms and epimorphisms 

The widely used in the category theory notions of monomorphism and epimorphism have several variations, and 
two of them, the so-called immediate and strong mono- and epimorphisms, will be important for us further. As 
the reader will see, we will accentuate the analogy between mono/epimorphisms from the one hand and strong 
mono/epimorphisms from the other. In the cases, where due to this analogy the proofs becomes identical (up 
to the substitution of the epithet "strong" into the proper places, like in the results about categories SMono(X) 
and SEpi(X)), as well as in the elementary propositions we omit the proofs. 

We start with monomorphisms and epimorphisms. Recall that a morphism (p : X ^ Y is called 

— a monomorphism, if any equality (p o a = ip o j3 implies a = /3; 

— an epimorphism, if any equality a o (p = (3 o ip implies a = /3; 

— a bimorphism, if it is a monomorphism and an epimorphism. 

Example 0.3. In any graph K every morphism is a bimorphism. Indeed, if o a = o /3, then, since a and ^ 
are colinear, they coincide, a = /3. So <^ is a monomorphism. Similarly, it is an epimorphism. 

Proposition 0.2. A composition of two monomorphisms (respectively, two epimorphisms) is a monomorphism 
(respectively, an epimorphism). 



1°. Ifipo^isa monomorphism, then ^ is a monomorphism as well. 

2°. If ij,oip is an isomorphism, and jj, a monomorphism, then ji and tp are isomorphisms. 

3° . If e o ip is an epimorphism, then e is an epimorphism as well. 

4° . If poe is an isomorphism, and e an epimorphism, then p) and e are isomorphisms. 

The category of monomorphisms Mono(X) and systems of subobjects. Let X be an object in a 
category K. We denote by Mono(X) the class of all monomorphisms with X as a range. It is a category, where a 
morphism p a from an object p € Mono(X) into an object a 6 Mono(X), i.e. a monomorphism p : A ^ X 
into a monomorphism cr ; 5 — > X, is an arbitrary morphism >c : A ^ B inK such that the following diagram is 
commutative: 



Properties of mono- and epimorphisms: 




A 



(0.6) 



X 



B 




the category 



A 



B 





A 
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One can conceive it as a result of splicing of the initial diagrams along the common edge ct, adding the arrow 
of composition x o and then throwing away the vertex B together with all its incidental edges: 




Of course, local identities in Mono(X) are diagrams of the form 

A 



X 



A' 



Remark 0.2. The composition of morphisms in Mono(X) can be defined in two ways. In our definition this 
operation is connected with the composition in K through the following identity: 

A o >f = A o >f. 

Mono(X) K 

Theorem 0.2. For any object X the category Mono(X) is a graph. 

Proof. We should verify that for any two objects p : A X and a : B ^ X there exist at most one morphism 
p — > a. Indeed, a morphism >c in diagram (j0.6|) is unique, since the monomorphity of a gives the following 
implication: aox = p = aox' =^ >c = x' . □ 

Remark 0.3. By Example 10.31 this means that in the category Mono(X) all morphisms are bimorphisms. The 
connection between the properties of a morphism p a in Mono(X) and the properties of the same morphism 
X : A ^ B in the initial category K, is expressed in the following observations: 



every morphism p a in Mono(X) is a monomorphism in K, 
a morphism p u in Mono(X) is an isomorphism in Mono(X) 



m: is an isomorphism in K. 



Proof. 1. A morphism m: in (|0.6p must be a monomorphism due to Property 1° at the p[71 since cr o >f is a 
monomorphism. 

: A ^ B, and the 
(0.7) 



2. If a morphism h : A ^ B in (j0.6p is an isomorphism in K, then we can put A 



diagrams 




-^X 




-^X 



will be commutative, since p and a are monomorphisms. They mean that the morphisms p — > a and a — > p 
in Mono(X) are inverse to each other. Conversely, if morphisms p a and a p are inverse to each other 
in Mono(X), then this means that diagrams (|0.7|) are commutative. Hence, morphisms x and A are inverse to 
each other in K, and thus x must be an isomorphism in K. □ 



It is convenient to introduce a special notation, — >, for the pre-order in Mono(X): 

p ^ a <;==> 3x G Mor(K) p = a o x. 



(0.8) 



Here the morphism x, if it exists, must be unique (this follows from the fact that cr is a monomorphism). As 
a corollary, there is an operation, which to any pair of morphisms p, cr G Mono(X) with the property p ^ a 
assigns the morphism x = x^ in (|0.12p : 

p^aox" (0.9) 
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If p — >■ a — >^ T, then the chain 

TO>Cp=p = aOXp=TOKl.OHp, 

implies, due to monomorphy of r, the equaUty 

x; = x;ox;. (0.10) 

• A system of subobjects in an object X of a category K is an arbitrary skeleton S of the category Mono(X), 
such that the morphism Ix belongs to S. In other words, a subclass S in Mono(X) is a system of 
subobjects in X, if 

(a) the local identity of X belongs to S: 

(b) every monomorphism /x e Mono(X) has an isomorphic monomorphism in the class S: 

V/x e Mono(X) 3a G S n^a. 

(c) in S an isomorphism (in the sense of category Mono(X)) is equivalent to the identity: 

Vcr, r e 5 (a = T <S=^ cr = r j 

Elements of S are called subobjects of X. The class S is endowed with the structure of a full subcategory 
in Mono(X). 

Theorem 0.3. Any system of subobjects S of an object X is a partially ordered class. 

Proof. Let subobjects p £ S and a € S have two mutually inverse morphisms h : A B and A : A — > S, i.e. 

p = a o a = po X. 

Then 

p O A O X = p = p o 1^, cr O X O A = (T = (T O Ig, 

and, since p and a are monomorphisms in K, one can cancel them: 

Ao>i:=l^, >foA = lB, 
Thus, X and A are isomorphisms. We obtain that p = a, and by property (c), p = u. □ 

Theorem 0.4. If S is a system of subobjects in X, then for any subobject a € S, a : Y X, the class of 
monomorphisms 

A = {aG Mono(y) : a o a G S} 
is a system of subobjects inY. If in addition S is a set, then A is a set as well. 

Proof. 1. Property (a) is obvious: since a oly = a G S, we have that ly G A. 

2. Property (b). Let 13 : B ^ Y he a. monomorphism. The composition a o p : B ^ X is a monomorphism 
from Mono(X), and since 5 is a system of subobjects in X, there must exist t G S such that 

(7 0/3. 

This means that 

T = a o 13 o L 

for some isomorphism t. Now we get that the monomorphism a = ^ o i, is isomorphic to /3 

a^j3 

and lies in A, since a o a = t G S. 

3. Property (c). Let a, f3 G A he two isomorphic monomorphisms, i.e. 

a = P o L 

for some isomorphism l. Then, first, the morphisms a oa and a o (3 are isomorphic as well, since 

a-oa = ijo/3oi. 
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And, second, they lay in S, since a and /3 lay in A. But S satisfies (c), hence the morphisms a o a and cr o /? 
coincide: 

a o a = a o p. 

In addition cr is a monomorphism, so we have a = /3. 

4. It remains to check that if 5* is a set, then ^ is a set as well. This follows from the fact that the map 
a€Ah-)-aoa£S is injective. Indeed, if for some a, a' £ A we have 

a o a = a o a', 

then, since cr is a monomorphism, we have a = a'. □ 



The category of epimorphisms Ep\{X) and systems of quotient objects. Let X be an object in a 
category K. We denote by Ep\{X) the class of all epimorphisms with X as a domain. This is a category where a 
morphism p a from an object p € Ep\{X) into an object a € Epi(X), i.e. from an epimorphism p : X A 
into an epimorphism a : X ^ B, is an arbitrary morphism k : A ^ B inK such that the following diagram is 
commutative 

A (0.11) 



B 

Actually, this diagram in the initial category K can be considered as a morphism p a in Epi(X). A 
composition of two such morphisms p a and a — ^ r, i.e. diagrams 

A B 



X 



X 



B 



C 



is a morphism p — > r, i.e. a diagram 



X 



A 



\o>c 



C 



One can conceive it as a result of splicing of the initial diagrams along the common edge a, adding the arrow 
of composition A o x, and then throwing away the vertex B together with all its incidental edges: 




X--^B 



Of course, local identities in Epi(X) are diagrams of the form 

A 



X 



A 



Remark 0.4. The composition of morphisms in Epi(X) can be defined in two ways. In our definition this 
operation is connected with the composition in K through the following identity: 

A o X = A o X. 

Epi(X) K 
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By analogy with Mono(X) the fohowing properties of Ep\{X) are proved. 
Theorem 0.5. For any object X the category Epi(X) is a graph. 



Remark 0.5. By Example 10 . 31 this means that in the category Ep\{X) all the morphisms are bimorphisms. The 
connection between the properties of a morphism p a in Ep\{X) and the properties of the same morphism 
X : A ^ B in the initial category K, is expressed in the following observations: 

— every morphism p a in Ep\{X) is an epimorphism in K, 

— a morphism p a in Ep\{X) is an isomorphism in Ep\{X) 4=> k is an isomorphism in K. 
It is convenient to introduce a special notation, — >, for the pre-order in Ep\{X): 

p^a^=^ 3/, e Mor(K) a = Lop. (0.12) 

Here the morphism t, if it exists, must be unique (since p is an epimorphism). As a corollary, there is an 
operation, which to each pair of morphisms p,cr E Ep\(X) with the property p a assigns the morphism i — ip 
in ([(m]) : 

o- = t^op. (0.13) 

If vr — > (0 — > cr, then the chain 

O n = (7 = i'^p O p = l'^p O lP O TT, 

implies by epimorphy of tt the equality 

(0.14) 

• A system of quotient objects on an object X in a category K is an arbitrary skeleton Q of the category 
Epi(A"), such that Ix belongs to Q. In other words, a subclass Q in Epi(X) is called a system of quotient 
objects on X, if 

(a) the local identity of X belongs to Q: 

ix eg, 

(b) every epimorphism s £ Epi(X) has an isomorphic epimorphism in Q: 

Ve e Ep\{X) Btt e Q e^i:, 

(c) in Q an isomorphism (in the sense of category Ep\{X)) is equivalent to the identity: 

Vtt, p e Q (jr = P = 

The elements of the class Q are called quotient objects on X. The class Q is endowed with the structure 
of a full subcategory in Epi(A'). 

By analogy with Proposition 10.31 and Proposition 10.41 we have 

Proposition 0.3. Any system Q of quotient objects of an object X is a partially ordered class. 

Proposition 0.4. If Q is a system of quotient objects of an object X , then for any quotient object tt £ 
TT : X — >■ y, the class of epimorphisms 

A = {a€ Epi(F) : a o n € Q} 
is a system of quotient objects on Y . If in addition Q is a set, then A is a set as well. 

Limits preserving mono- and epimorphisms. By covariant system (respectively, by contravariant system) 
in a category K over a partially ordered set (/, ^) we mean arbitrary covariant (respectively, contravariant) 
functor from / into K. 

Proposition 0.5. If in a covariant system over a directed set (/, ^) the morphisms L-f are monomor- 

phisms, then in its projective limit {X;Tr^} the morphisms tt^ are monomorphisms as well. 
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Proof. Let us assume that / is decreasingly directed. Take an index k £ I, and let Y — > X and Y — > X be 
two colinear morphisms such that 

tt'" o a = tt'" o /3. 



Then for any j ^ k we have: 



b'j o TT^ o a = o TT^ o p. 



Here Lj is a monomorphism, so we can cancel it: 

TT^ O a = TT^ o /3, j ^ k. 

Set = TT^ o a = o /3, then morphisms Y X and Y X generate the same cone of the covariant 
system {X^;l-1; i ^ j ^ k}: 






(the projective limit of a covariant system over a cofinal interval {j G / : j ^ k} is the same as over /, so we 
substitute X into this place). This implies that a and /3 coincide by the uniqueness of the corresponding arrow 
in the definition of projective limit: 

a = j3 

□ 

The dual proposition is the following: 

Proposition 0.6. If in a covariant system {X-' ii^} over a directed set (/, ^) the morphisms are epimor- 
phisms, then in its injective limit {X; pi} the morphisms pi are epimorphisms as well. 

Remark 0.6. If the set of indices I is not directed, then the projective (injective) limit of a covariant system 
of monomorphisms (epimorphisms) over it is not necessarily a cone of monomorphisms (epimorphisms). For 
example if the order in / is discrete, i.e. i < j ^ i = j, then the projective limit of any covariant system 
{X*; i\} over I is the direct product Hig/ where the projections 

J\X' ^X^ 

as a rule are not monomorphisms (although the initial morphisms il = Ix^ are monomorphisms). Similarly, 
injective limit of {X*; tj} is a coproduct Ujgj Xi, and the corresponding injections 

x,^l[x, 

as a rule are not epimorphisms here (although lI = Ix^ are epimorphisms). 

(c) Immediate monomorphisms and immediate epimorphisms. 

• We call a factorization of a morphism X Y any its representation as a composition of epimorphism 
and a monomorphism, i.e. any commutative diagram 




(0.15) 



M 



where s is an epimorphism, and p, a monomorphism. 
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• A monomorphism /i : X — > y is said to be immediate, if in any its factorization fi — fi' oe the epimorphism 
s is automatically an isomorphism. Note that for a monomorphism fi in any its factorization /i = /i' o e 
the epimorphism e is automatically a bimorphism. As a corollary, the condition of being immediate 
monomorphism for fi is equivalent to the requirement that in any decomposition fi — fi' o s, where e is 
a bimorphism, and fi' a monomorphism, the morphism e must be an isomorphism. It is natural to call 
a monomorphism fi' in the factorization fi = fi' o e a mediator of the monomorphism /i, then the epithet 
"immediate" for fi will mean that there are no non-trivial mediators for fi (i.e. mediators, which are not 
isomorphic to fi in Mono(y)). 

• An epimorphism e : X ^ Y is said to be immediate, if in any its factorization e = fioe' the monomorphism 
fi is automatically an isomorphism. Note that for an epimorphism e in any its factorization e ~ fi o e' 
the monomorphism fi is automatically a bimorphism. As a corollary, the condition of being immediate 
epimorphism for e is equivalent to the requirement that in any decomposition e — fi o e' , where fi is 
a bimorphism, and e' an epimorphism, the morphism fi must be an isomorphism. It is natural to call 
an epimorphism e' in the factorization e = fi o e' a mediator of the epimorphism e, then the epithet 
"immediate" for e will mean that there are no non-trivial mediators for e (i.e. mediators, which are not 
isomorphic to e in Epi(A")). 

Remark 0.7. If in the definition of the immediate monomorphism we omit the requirement that the morphism 
fi' in the representation fi = fi' o e is a monomorphism (i.e. if we claim only that the epimorphity of e 
must imply its isomorphity) , then we obtain exactly the definition of the so-called extremal monomorphism. 
Similarly, if in the definition of the immediate epimorphism we omit the requirement that the morphism e' in 
the representation e = /i o e' is an epimorphism (i.e. if we claim only that the monomorphity of fi implies its 
isomorphity), then we obtain the definition of the extremal epimorphism [5', Definition 4.3.2]. Certainly, each 
extremal monomorphism (respectively, extremal epimorphism) is an immediate monomorphism (respectively, 
immediate epimorphism). But the reverse implication is not true, and the following example shows thiQ 
Consider a monoid (a, b,c \ ac = be) (generated by three elements a, b, c with the equality ac = be) as a category 
with the one object. In this category 

1) the morphisms a, b, c are monomorphisms (since they can be canceled in the equalities like a ■ P ~ a ■ Q), 

2) the morphisms a, b are epimorphisms (since they can be canceled in the equalities like P ■ a — Q ■ a), 

3) the morphism c is not an epimorphism (since it cannot be canceled in the equality a ■ c = b ■ c), 

4) the morphism ac = be is 

— a monomorphism (since it can be canceled in the equalities like ac ■ P — ac ■ Q), 

— an epimorphism (since it can be canceled in the equalities like P ■ ac = Q ■ ac), 

— an immediate epimorphism (since there is only one possibility to write it in the form (mono) o (epi) , 
namely, ac = 1 ■ (ac), and then the first morphism in this decomposition, i.e. 1, is an isomorphism), 

— but not an extremal epimorphism (since it can be written in the form (mono) o (...), namely, ac = a-c, 
where the first morphism, i.e. a, is not an isomorphism). 

In addition, the morphism acac is not an immediate epimorphism, since it can be represented as 

acac — (ac) ■ (ac) 

m m 
Mono Epi 

where the first morphism is not an isomorphism. This shows that a composition of two immediate monomor- 
phisms ( respectively, of two immediate epimorphisms ) is not necessarily an immediate monomorphism ( respec- 
tively, an immediate epimorphism). 

Properties of immediate mono- and epimorphisms: 

1°. If ip o fL is an immediate monomorphism, then fi is an immediate monomorphism as well. 
2°. If fi is an immediate monomorphism, and at the same time an epimorphism, then fi is an isomorphism. 
3° . If e o ip is an immediate epimorphism, then e is an immediate epimorphism as well. 
4° . If e is an immediate epimorphism, and at the same time a monomorphism, then e is an isomorphism. 
''This example was suggested to the author by B. V. Novikov. 
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(d) Strong monomorphisms and strong epimorphisms. 

The following two definitions are due to M. Sh. Tsalenko and E. G. Shulgeifer [351 Chapter 1 §7] and F. Borceux 
[3 4.3]. 

• A monomorphism C D is said to be strong, if for any epimorphism A — ^ B and for any morphisms 

A C and B — ^ D such that jS o e = fi o a there exists (the only possible) morphism B C, such 
that the following diagram will be commutative: 



(0.16) 



• Dually, an epimorphism A B is said to be strong, if for any monomorphism C D and for any 

morphisms A -—^ C and B — !■ D such that /3 o e ~ fj, o a there exists (the only possible) morphism 
B C, such that diagram (|0.16l) is commutative. 

Remark 0.8. The uniqueness of S follows from monomorphity of fi (or from epimorphity of e): if 6' is another 
morphism with the same property, then 

j.ioS = f3 = fioS' 5 = S' . 

Besides this, the commutativity of the upper triangle in (jO.lGD imply the commutativity of the lower one, and 
vice versa. For example, 

a = Soe /?o e =fioa = iio5o e f3 = iio6 (0-17) 

m m 
Epi Epi 

The following propositions are proved in [5| Proposition 4.3.6]: 

Proposition 0.7. A composition of two strong monomorphisms (respectively, of two strong epimorphisms) is 
a strong monomorphism (respectively, a strong epimorphism). 

Properties of strong mono- and epimorphisms: 

1°. If if o fj, is a strong monomorphism, then fi is a .strong monomorphism as well. 
2°. Every .strong monomorphism fi is an immediate monomorphism. 
3° . If e o ip is a strong epimorphism, then e is a strong epimorphism as well. 
4°. Every strong epimorphism e is an immediate epimorphism. 

The category of strong monomorphisms SMono(X) and systems of strong subobjects. As we already 
told on page [71 we omit the proofs of the propositions of this and the next subsubsection, since they copy the 
analogous statements for mono/epimorphisms. 

• Let X be an object in a category K. We denote by SMono(X) the class of all strong monomorphisms 
having X as a range. This is a category where a morphism from an object p G SMono(X) into an object 
a G SMono(X), i.e. a strong monomorphism p : A X into a strong monomorphism a : B ^ X as any 
morphism >c : A ^ B such that the following diagram is commutative 

(0.18) 

X 

B 



Obviously, SMono(X) is a (full, due to 1° above) subcategory in Mono(X). 
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Theorem 0.6. For any object X the category SMono(X) is a graph. 

Remark 0.9. By Example 10.31 in SMono(X) all morphisms are bimorphisms. The connection between the 
properties of a morphism p a in SMono(X) and the properties of the same morphism >c : A ^ B in the 
initial category K, is expressed in the following observations: 

— every morphism p a in SMono(X) is a strong monomorphism in K, 

— a morphism p a in SMono(X) is an isomorphism in SMono(X) <;=^ >c is an isomorphism in K. 

• A system of strong subobjects in an object X of a category K is an arbitrary skeleton S of the category 
SMono(X), such that the local identity Ix belongs to S. In other words, a subclass S in SMono(X) is 
called a system of strong subobjects in X , if 

(a) the local identity of X belongs to S: 

1a- e S, 

(b) every strong monomorphism p G SMono(X) has an isomorphic monomorphism from S: 

\/p e Mono(X) 3a e S p"^ a. 

(c) in S an isomorphism (in the sense of category SMono(X)) is equivalent to identity: 

Vcr, T G 5 ^cr = r <;==^ a = 

The elements of S are called strong subobjects in X. The class S is endowed with the structure of a full 
subcategory in SMono(X). 

Proposition 0.8. Any system of strong subobjects S of an object X is always a partially ordered class. 

Proposition 0.9. If S is a system of strong subobjects in an object X , then for any strong subobject a £ S , 
a : Y ^ X , the class of strong monomorphisms 

A= {a e SMono(y) : a o a £ S} 

is a system of strong subobjects in the object Y . If in addition S is a set, then A is a set as well. 

The category of strong epimorphisms SEp\{X) and systems of strong quotient objects. 

• Let X be an object in a category K. We denote by SEpi(X) the class of all strong epimorphisms with X as 
a domain. This is a category where a morphism from an object p e SEp\{X) into an object a G SEpi(X), 
i.e. an strong epimorphism p : X ^ A into a strong epimorphism cr : X — _B, is an arbitrary morphism 
X : A ^ B such that the following diagram is commutative 

A (0.19) 

X 

B 

Obviously, SEpi(X) is a (full, due to 3° above) subcategory in Epi(X). 
Theorem 0.7. For any X the category SEpi(X) is a graph. 

Remark 0.10. By Example 10.31 in SEp'\{X) all morphisms are bimorphisms. The connection between the 
properties of a morphism p a in SEpi(X) and the properties of the same morphism >c : A ^ B va. the initial 
category K, is expressed in the following observations: 

— every morphism p a in SEpi(X) is a strong epimorphism in K, 

— a morphism p a in SEp\{X) is an isomorphism in SEp\{X) <^=^ k is an isomorphism in K. 

• A system of strong quotient objects on an object X of a category K is an arbitrary skeleton Q of the category 
SEpi(A'), such that the local identity Ix belongs to Q. In other words, Q is a subclass in SEpi(X) such 
that 
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(a) the local identity of X belongs to Q: 

ix eg, 

(b) every strong epimorphism e G SEpi(X) has an isomorphic epimorphism in Q: 

Ve e Epi(X) Btt e e = TT, 

(c) in Q an isomorphism (in the sense of the category SEpi(X)) is equivalent to the identity: 

VtT, P £ Q ^ P TT ^ p 

Elements of Q are called strong quotient objects on X. The class Q is endowed with the structure of a full 
subcategory in SEpi(X). 

Proposition 0.10. Any system Q of strong quotient objects on an object X is always a partially ordered class. 

Proposition 0.11. If Q is a system of strong quotient objects for an object X , then for any strong quotient 
object TT £ Q, TT : X — > y, the class of epimorphisms 

{ae SEpi(r) : a o tt G Q} 

is a system of strong quotient objects on the object Y. If in addition Q is a set, then A is a set as well. 



Limits preserving strong mono- and epimorphisms. 

Proposition 0.12. If in a covariant system {X^;l^} over a decreasingly directed set (/, ^) the morphisms 
are strong monomorphisms, then in its projective limit {X;7r-'} the morphisms tt^ are strong monomorphisms 
as well. 

Proof. Take an index k £ I. By Proposition 10. 5[ tt*^ is a monomorphism, so we need only to show that it is 
strong. Consider a diagram 

A — ^ B 



X 



^ X" 



where e is an epimorphism. For any index j ^ k we can construct a diagram 

A > B 



X'^ 



X 



and consider the following fragment: 



X" 



B 



X^ 



X" 

Since e is an epimorphism, and t*^ is a strong monomorphism, there exists (a unique) morphism S-' such that 



the following diagram is commutative: 



A 



TV" OCX \C 

X^ 



B 



X' 
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In particular, 



if o =/3, j^k 



As a corollary, if we take a new index i < j, then for the arising morphisms and ^' we get 

i'jos^ = p = iio5^ = L']oLios\ 

Here is a monomorphism, so we can cancel it: 

= 4 o S\ 

Thus for any i ^ j ^ k the following diagram is commutative: 



. B 

I 



I 
I 



I 

/ 



(for j = k we have S'' = !3). 

This means that the system of morphisms {5^ : B ^ X^; j < fc} is a projective cone of a covariant system 
{il : X^ — >■ X^; i ^ j ^ k}. Hence, there exists a unique morphism S : B ^ X such that all the following 
diagrams are commutative: 

B 



s / 
/ 

/ 



X 



X^ 



(the limit along a cofinal interval {j € I : j ^ k} coincides with the limit along /). 
In particular, for j = k we get a commutative diagram 



B 



It implies the following chain: 

I3 = tt''oS 



7r oa = ^o£=7r o 5 os 



a = S o e 



Mono 



Mono 



Thus, the following square is commutative: 



A 



-> B 



x""-—^ X^ 



□ 



The dual proposition is the following: 

Proposition 0.13. If in a covariant system {X^;lI} over an increasingly directed set (/, <) the morphisms 
are strong epimorphisms, then in its injective limit {X; pi} the morphisms pi are strong epimorphisms as well. 
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(e) Well-powered and co-well-powered categories 

Later (see page [SO]) we will use the following definition. 
• A category K is said to be 

— well-powered (respectively, strongly well-powered) , if every object X in K has a system of subobjects 
(respectively, strong subobjects) S, which is a set (i.e. not just a class); clearly, a reformulation of 
this condition is a claim, that all the categories Mono(X) (respectively, all the categories SMono(X)) 
are skeletally small; 

— co-well-powered (respectively, strongly co-well-powered) , if every object X in K has a system of quotient 
objects (respectively, strong quotient objects) Q, which is a set; again, a reformulation is a claim 
that all the categories Epi(X) (respectively, all the categories SEpi(X)) are skeletally small. 

Example 0.4. The standard categories frequently used as examples, like the category of sets, groups, vector 
spaces, algebras (over a given field), topological spaces, topological vector spaces, topological algebras, etc., 
are, obviously, well-powered (and as a corollary, strongly well-powered). Some of them, like the category of 
vector spaces are again, obviously, co-well-powered as well. But for some others, the property of being co-well- 
powered is proved in an amazingly complicated way (see [I]). However, the weaker property of being strongly 
co-well-powered is verified much easier. 



§ 1 Envelope and imprint 

(a) Envelope 



Envelope in a class of morphisms with respect to a class of morphisms. Suppose we have: 

— a category K called an enveloping category, 

— a category T called an attracting category, 

— a covariant functor F : T — > K, 

— two classes SI and ^ of morphisms in K, taking values in objects of the class F{T), and il is called the 
class of realizing morphisms, and ^ the class of test morphisms. 

Then 

• For given objects X E Ob(K) and X' G Ob(T) a morphism a : X FiX') is called an extension of object 
X £ K over the category T in the class of morphisms Q with respect to the class of morphisms if cr G f2, 
and for each morphism ip : X ^ B from the class there exists a unique morphism ip' : X' — > B in the 
category T such that the following diagram is commutative: 

X 

n3a / \ 1/36* 



(1.1) 



F{X') - --- ^ FiB) 

F(lp ) 



• An extension p : X ^ F{E) of an object AT G K over a category T in the class of morphisms J7 with 
respect to the class of morphisms is called an envelope of the object A G K over the category T in the 
class of morphisms fl with respect to the class of morphisms <l>, and we write in this case 

p = envf A, (1.2) 

if for each extension cr : A — > F{X') (of the object A G K over the category T in the class of morphisms 
f2 with respect to the class of morphisms <?) there exists a unique morphism u : A' — )• in T such that 
the following diagram is commutative 

A 

\^ (1.3) 

Fix') - - F{E) 
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The object E will also be called an envelope of X (over the category T in the class of morphisms J7 with 
respect to the class of morphisms and we write also 



E = Env^ X. (1.4) 



Further we are almost exclusively interested in the case when T = K, and F : K — > K is the identity functor. 
In doing this we will omit in the terminology the mentioning of the category T, so we'll be speaking about 
extensions and envelopes in the class of morphisms f2 with respect to the class of morphisms (P. The diagrams 
(|l.ip and (11.31) will turn respectively into diagrams 



and 



X 

l73tT / \ VipE'P 



X' - - - - ^ B 



X 

Ma / \ P 



X' - -- - ^ E 



(1.5) 



(1.6) 



Remark 1.1. Clearly, the object Env^^ X (if it exists) is defined up to an isomorphism. If we want to have 
a map X i~> Env^X, then (providing that the envelope always exists) the sufficient condition for existence of 
this map is the skeletally smallness of the category K. In the important special case when fl coincides with the 
class Epi of all epimorphisms of the category K, the sufficient condition for existence of the map X H> Env^^ X 
(again, providing that the envelope always exists) is that the category K is co-well-powered (since in this case 
the object Env^'^' X can be chosen by the axiom of choice as a concrete quotient object of X). 

Remark 1.2. If i7 = 0, then, of course neither extensions, nor envelopes in Q exist. So this construction can 
be interesting only when i7 is a non-empty class. The following two situations will be of special interest 

— Q = Epi(K) (i.e. fl coincides with the class of all epimorphisms in the category K), then we will use the 
following notations 

env|P' X ^xxs^f^'^ X, Env|P' X := Envf''-''^ X. (1.7) 

— J7 = Mor(K) (i.e. SI coincides with the class of all morphisms in the category K), in this case it is 
convenient to omit any mentioning about f2 in the formulations and notations, so we will be speaking 
about the envelope of object X G K in the category K with respect to the class of morphisms <P, and the 
notations will be simplified as follows: 

env^, X := env^"^^"") X, Env^, X := Env^"^^'') X. (1.8) 



Remark 1.3. Another degenerate, but this time an informative case is when = 0. What is essential for a 
given object X, # does not contain morphisms going from X: 

= {'/' e ^ : Dom{ip) = X} ^ 0. 

Then, obviously, any morphism a € f2, going from X, a : X ^ X', is an extension for X (in the class with 
respect to the class 0). If in addition SI — Epi, then the envelope for X is the terminal object in the category 
Epi(X) (if it exists). This can be depicted by the formula 

Env0 X — max Ep'\{X). 

In particular, if K is a category with zero 0, and i? contains all morphisms going to 0, then the envelope of any 
object with respect to the empty class of morphisms is 0: 



Envif X = 0. 
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Remark 1.4. Another extreme situation is when = Mor(K). For a given object X the essential thing here is 
that the class ^ contains the local identity of X: 

For any extension u the diagram 

X >X' 

/ 

/ 

/ 

X 

implies that a must be a co-retraction (moreover, the dotted arrow here must be unique). In the special case 
of /? = Epi this is possible only if a is an isomorphism. As a corollary, in this case the envelope of X coincides 
with X (up to an isomorphism): 

Properties of envelopes: 

1°. Suppose that S C f2, then for any object X and for any class of morphisms $ 

(a) each extension a : X ^ X' in E with respect to $ is an extension in Q with respect to 

(b) if there are envelopes env^ X and env^X, then there is a unique morphism p : EnvJX — >• Envjx 
such that the following diagram is commutative: 



X 



Envf X ----^ Env^X 



(1.9) 



(c) if there is an envelope env^ X (in a wider class), and it lies in E (i.e. in a narrower class), 

envf X e S, 

then it is an envelope env^ X (in a narrower class): 



envj X = envf X. 

2° . Suppose ^ C^, then for any object X and for any class of morphisms Q 

(a) each extension a : X ^ X' in f2 with respect to $ is an extension in Q with respect to ^, 

(b) if there are envelopes env^X and env^X, then there is a unique morphism a : Env^X Envjx 
such that the following diagram is commutative: 



X 

enviJX / \ em'J X 



Env^X - EnvJX 



(1.10) 



3°. Suppose that <P C Mor(K) o ^ (i.e. each morphism cp € <P can be represented as a composition <^ = x o ■)/;, 
where tp E ^), then for any object X and for any class of morphisms Q 

(a) if an extension a : X ^ X' in fi with respect to \P is at the same time an epimorphism in K, then it 
is an extension in fi with respect to 

(b) if there are envelopes env^X and env^^X, and env^ X is at the same time an epimorphism, in K, 
then there exists a unique morphism (3 : Env^ X — >• Env<p X such that the following diagram is 
commutative: 

X 

envg X / \ env J X 



(1.11) 



Env^^ X - - - - ^ Env^ X 
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4°. Suppose that f2 and <P are some classes of morphisms, and e : X ^ Y an epimorphism in K such that the 
following three conditions are fulfilled: 



(a) there exists an envelope env^^^^ X with respect to the class of morphisms <P o e ~ {(p o e; (p G 

(b) there exists an envelope env^ 

(c) the composition env^ y o e belongs to Q. 

Then there exists a unique morphism v : Env^^^^X ^ Env^^ y such that the following diagram is commu- 
tative: 

(1.12) 




Env^'„^ X <- 



Env^' Y 



Proof. 1. If the morphism a satisfies (|1.5p with S instead of J7, then cr satisfies the initial condition (|1.5I) . since 
U C n. This proves (a). From this we have also that env^ X is an extension in f2 with respect to "P, so there 
must exist a unique dotted arrow in (jl.9p . This means that (b) is also true. Finally, if there exists an envelope 
en\/2 X (in a wider class), and it lies in S (in a narrower class), en\/2 X g S, then en\/2 X is an extension in 
E. On the other hand any other extension cr : X X' in is an extension in J7 due to the property (a) which 
we have just proved, hence there is a unique morphism v into the envelope in i7: 




^ Env'JX 

This proves that env^ X is an envelope in S, and we have proved (c). 

2. Suppose that •f' C Then (a) is obvious: each extension a : X ^ X' with respect to <P is an extension 
with respect to the narrower class 'T. For (b) we have: since env^ X is an extension with respect to it must 
be an extension with respect to the narrower class so there exists a unique morphism from Env^ X into the 
envelope Env^ X with respect to ^ such that p.lOp is commutative. 

3. Suppose that <P C Mor(K) o tf/. For (a) our reasoning will be illustrated by the following diagram: 




li a : X ^ X' is an extension of X in i7 with respect to 'F, then for any morphism (p (p, ip : X B, we 
take a decomposition ip — x ° '>P, where ip G ^. Since a is an extension of X in I? with respect to W, there is a 
morphism ■0' such that tjj = tp' o a. After that we put p' = x o and this will be a morphism such that 



The uniqueness of tp' follows from the epimorphy of cr G J7, and thus a is an extension oi X in Q with respect 
to (l>. Once (a) is proved, (b) becomes its corollary: the morphism env^ X : X ^ Env^ X is an extension of 
X in Q with respect to hence, by (a), with respect to <!> as well. So there must exist a morphism /3 from 
Env^ X into the envelope Env^ X with respect to such that (jl.llD is commutative. 
4. For any morphism Lp :Y ^ B lying in <1> we have the following diagram: 
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It must be understood as follows. On the one hand, since env^ Y is an extension with respect to <P, there 
exists a morphism ip' , such that the lower right triangle is commutative, and as a corollary, the perimeter is 
commutative as well. On the other hand, if ip' is a morphism such that the perimeter is commutative, i.e. 

ip' o en\/2 Y o e — ip o 

then, since e is an epimorphism, we can cancel it: 

ip' o env^ Y = ip, 

So the lower right triangle must be commutative as well. This means that ip' must be unique (since by the 
definition of envelope, the dotted arrow in the lower right triangle must be unique) . 

We see that the perimeter has a unique dotted arrow ip' . This is true for any ip G (p, and in addition 
env^ Y o e G f2. So we come to a conclusion that the morphism env^^ y o e is an extension of X in with 
respect to the class of morphisms <P o e. As a corollary, there exists a unique morphism v from Env^^ Y into the 
envelope Env^^^ X with respect to ^ o e such that (|1.12[) is commutative. □ 

• Let us say that in a category K a class of morphisms <P is generated on the inside by a class of morphisms 
W, if 

^ C<PC Mor(K) o If. (1.13) 

Theorem 1.1. Suppose that in a category K a class of morphisms <!> is generated on the inside by a class of 
morphisms W. Then for any class of epimorphisms f2 (it is not necessary that f2 contains all epimorphisms of 
K) and for anny object X the existence of envelope erw/^ X is equivalent to the existence of envelope en\/2 X , 
and these envelopes coincide: 

em2 X = en\/2 X. (1.14) 

Proof. 1. Suppose first that env^ X exists. Since it is an extension with respect to if", and at the same time 
an epimorphism, by 3° (a) we have that it is an extension with respect to <P as well. If a : X ^ X' is another 
extension with respect to <P, then by 2° (a) it is an extension with respect to 'F as well, so there exists a unique 
morphism v : Env^ X ^ X' such that the following diagram is commutative: 




This means that env^ X is an envelope with respect to and (I1.14p holds. 

2. On the contrary, suppose that env^ X exists. It is an extension with respect to <1>, so by 2° (a) it 
must be an extension with respect to 'F as well. If a : X ^ X' is another extension in i7 with respect to F, 
then, since a G Epi, by 3° (a), it must be an extension with respect to <P, so there exists a unique morphism 
V : X' ^ Env^ X such that 

X 




X' -- -,- - ^ Env^ X 

This means that env^ X is an envelope with respect to and again we have (|1.14p . □ 

• Let us say that a class of morphisms in a category K differs morphism on the outside^ if for any two 
different parallel morphisms a ^ (3 : X ^ Y there is a morphism ip :Y M from the class <F such that 
ip o a ^ ip o p. 

Theorem 1.2. If a class of morphisms <P differs morphisms on the outside, then for any class of morphisms fi 
(i) each extension in Q with respect to <P is a monomorphism, 

(ii) an envelope with respect to <P in f2 exists if and only if there exists an envelope with respect to in the 
class fi n Mono; in this case these envelopes coincide: 

env^ = env,B 
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(in) if the class Q contains all monomorphisms, 

n 2 Mono, 

then the existence of the envelope with respect to in Mono automatically implies the existence of envelope 
with respect to <P in fl, and the coincidence of these envelopes: 

env^ = env^ 

Proof. 1. Suppose that some extension u : X — > X' is not a monomorphism, i.e. there are two different parahel 
morphisms a (3 : T ^ X such that 

a o a ^ a o /3. (1-15) 
Since the class differs morphisms on the outside, there must exist a morphism ip : X ^ M , ip ^ (p, such that 

if o a ^ if o /3. (1-16) 

Since a : X ^ X' is a,n extension with respect to (p, there is a continuation (p' : X' ^ M of the morphism 
<p : X — > M: Lp = if' o a. Now we obtain 

ipoa = Lp'ocToa — p.isp — ip'o(7o/3 = ipo/3, 

and this contradicts to (jl.l6p . 

2. Suppose for an object X there exists an envelope env^ X in f2 with respect to <P. Then, as we have 
already proved, it must be an extension in the narrower class 12 n Mono with respect to <P. Applying property 1° 
(c) on p EOI we obtain that env^ X is an envelope in the narrower class J7 H Mono, i.e. en\/2 X = env^'^'^°"° X. 

Conversely, suppose there is an envelope env^^'^'^°"° X with respect to 'P in the class J7n Mono. By 1° (a) on 
p |20l it must be an extension with respect to 'P in the wider class J7. Consider another extension a : X ^ X' 
with respect to ^ in Q. By the proposition (i) which we have already proved, a is an extension with respect 
to in J7 n Mono. Hence, there is a unique morphism v : X' ^ Env^^*^"^""" X into the envelope in the class 
n n Mono, such that 

X 




X' ^7--^ Env^^^°"°X 

This proves that env^^^'^°"° X is (not only an extension, but also) an envelope with respect to 'P in the class Q. 
3. The proposition (iii) immediately follows from (ii). □ 

• Let us remind that a class of morphisms ^ in a category K is called a right ideal, if 

$ o Mor(K) C <P 

(i.e. for any ip £ <P and for any morphism /i in K the composition tp o ^ belongs to <P). 

Theorem 1.3. // a class of morphisms P differs morphism on the outside and is a right ideal in the category 
K, then for any class of morphisms H 

(i) each extension in Q with respect to P is a bimorphism, 

(ii) an envelope with respect to P in f2 exists if an only if there exists an envelope with respect to <P in the 
class n Bim of bimorphisms lying in fi; in this case these envelopes coincide: 

env<|, = env<g 

(iii) if the class f2 contains all bimorphisms, 

fl 2 Bim, 

then the existence of an envelope with respect to m Bim automatically implies the existence of an envelope 
with respect to <P in fl and the coincidence of these envelopes: 

„„,,Bim 

env,B = env^ . 
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Proof. 1. Let a : X ^ X' he an extension in J7 with respect to "P. It is already proved in Theorem II .21 (i) that 
(T must be a mononiorphism. Suppose that it is not an epimorphism. This means that there are two different 
parahel morphisms a (3 : X' T such that 

a o a = (3 o (J. (1-17) 
Since <1> differs morphisms on the outside, there must exist a morphism tp : T M, ip £ 'P, such that 

ip o a ^ if o p. 

In addition, by (|1.17p , 

ipoaoa = (po(3oa. 

If we now suppose that is a right ideal in K, then the morphism ipoaoa = ipoj3oa lies in So we can 
interpret this picture as follows; the test (i.e. lying in morphism ipoao(7 = ipol3oa:X^M has two 
different continuations Lp o a ^ Lp o p : X' — )■ M along a : X ^ X' . This means that a cannot be an extension 
with respect to 

2. The second and the third parts of the theorem are proved by the same reasoning as in Theorem 1 1.2 1 □ 

Connection with projective limits. The similarity between the notions of an envelope and a projective 
limit is formalized in the following 

Lemma 1.1. The projective limit p = ^imp* : X — > l^imX' of any projective cone {p' : X — X*; i £ /} from a 
given object X into a covariant (or contravariant) system {X*,/,^} is an envelope of the object X in an arbitrary 
class [2 containing p with respect to the system of morphisms G I}: 



p = |im p^ e n 
In particular, this is always true for fl = Mor(K).- 



(1.18) 



(1.19) 



Proof. 1. First, the morphism p is an extension of X with respect to the system {p*}, since the definition of 
projective limit guarantees that for any pP there exists a unique continuation tt^ on limX*: 



X 




(1.20) 



X^ 



2. Suppose then that a : X ^ X' \i, another extension. Then for any morphism pP : X ^ X^ there is a 
unique morphism : X' ^ X^ , such that 



X 



For each indices i ^ j in the following diagram 



X' 



X^ 



(1.21) 
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the following elements will be commutative: two upper little triangles (each one has one dotted arrow) and the 
perimeter (without dotted arrows). This together with the uniqueness of in the upper right little triangle 
implies that the lower little triangle (with two dotted arrows) is commutative as well: 

(t^ O U*) O (T = o (w* o a) — o ^ 
O (7 ~ p> 

The commutativity of the triangle with two dotted arrows means in its turn that X' with the system of 
morphisms is a projective cone of the covariant system So there must exist a uniquely defined 

morphism v such that for any j in the diagram 




the little lower triangle is commutative. On the other hand, the right little triangle here is also commutative, 
since this is diagram (jl.21l) turned around, and the perimeter is commutative, since this is diagram (|1.20p turned 
around. Together with the uniqueness of the morphism p in the system of all those perimeters with different j 
this implies that the left little triangle is also commutative: 



o V o a ^ o a = p-' 
TT 'j o p = pi 



V o a ^ p 



We understood that there is a morphism v such that diagram (I1.6P is commutative (with E = hmX*). 
It remains to verify that such a morphism is unique. Let v' be another morphism with the same property: 
p = v' o a. Consider the following diagram: 




Here (apart from the upper left triangle) the upper right triangle will be commutative (since this is the turned 
around diagram (jl.2ip ) and the perimeter as well (since this is diagram p.20p turned around). Together with 
the uniqueness of the arrow in the upper right triangle this implies that the lower little triangle is also 
commutative: 



p = p' 



This is true for each index j, so the morphism v' must coincide with the morphism v which we constructed 



before: 



□ 



Envelope in a class of objects with respect to a class of objects. A special case of the construction is a 
situation, where J7 and/or <P are classes of all morphisms into the objects from some given subclasses in Ob(K). 
The accurate formulation for the case, when both classes fi and <P are defined in such a way is the following. 
Suppose we have a category K and two subclasses L and M in the class Ob(K) of objects in K. 

• A morphism a : X ^ X' is called an extension of the object X (z K in the class L with respect to the class 
M, if X' G L and for any object B G M and any morphism ip : X ^ B there exists a unique morphism 
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if' : X' ^ B such that the following diagram is commutative: 




• An extension p : X ^ E oi an object X G K in the class L with respect to the class M is called an envelope 
of the object X G K m the class L with respect to the class M, and we denote this by formula 

P = envJiX, (1.22) 

if for any other extension a : X ^ X' (of the object X in the class L with respect to the class M) there 
exists a unique morphism v : X' ^ E such that the following diagram is commutative: 



X 




(1.23) 



L L 



The object E is also called an envelope of the object X (in the class of objects L with respect to the class 
of objects M), and we will use the following notation for it: 

S = EnvJiX (1.24) 



The following two extreme situations in the choice of the subclass L can occur: 

— if L = Ob(K), then we will speak about an envelope of the object X G K m the category K with respect to 
the class of objects M, and the notations will be the following: 

envM X := envJJ X, Env„ X := EnvJJ X. (1.25) 



— if L = M, then the notions of the extension and the envelope coincide: each extension of the object X in 
the class L with respect to the same class L is an envelope of X in the class L with respect to L (indeed, 
a p : X ^ E and a : X ^ X' are two extensions in L with respect to L, then in diagram (|1.23p the 
morphism v exists and is unique just because a is an extension); for simplicity, in case of L — M we speak 
about the envelope of X in the class L, and our notations are simplified as follows: 

env^X =:env[X, Env^ X =: EnvJ; X. (1.26) 



• Let us say that a class of objects M in a category K differs morphisms on the outside, if the class of 
morphisms with ranges in M possesses this property (in the sense of definition on page [22]) . i.e. for any 
two different parallel morphisms a /3 : X ^ Y there is a morphism ip : Y ^ M such that ip o a ^ o /3. 

From Theorem II .31 we have 
Theorem 1.4. // a class of objects M differs morphisms on the outside, then for any class of objects L 
(i) each envelope in L with respect to M is a bimorphism, 

(ii) an envelope in L with respect to M exists if and only if there exists an anvelope in the class of bimorphisms 
with the values in L with respect to M; in this case these envelopes coincide: 

L Bim(K,L) 

env„ = envf, ' ' ' . 
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Examples of envelopes. 

Example 1.1. Universal enveloping algebra. Left K = LieAlg be the category of Lie algebras (say, over the 
field C), T = Alg the category of associative algebras (again, over C) with the identity, and F : Alg LieAlg 
the functor that each associative algebra A represents as the Lie algebra with the Lie brackets 

[x,y] ^ X ■ y - y X. 

Then the envelope of a Lie algebra g over the category Alg in the class Mor(LieAlg, i^(Alg)) of all morphisms 
from LieAlg into F(Alg) with respect to the same class Mor(LieAlg, F(Alg)) is exactly the universal enveloping 
algebra U{q) of the Lie algebra g (cf.[5]): 

Example 1.2. Stone-Cech compactification. In the category Tikh of Tikhonov spaces the Stone-Cech 
compactification f3 : X ^ f3X is an envelope of the space X in the class Com of compact spaces with respect to 
the same class Com: 

PX = Env°™X. 

Proof. Here one uses the theorem ^T^, Theorem 3.6.1], which states that any continuous map f : X ^ K into 
an arbitrary compact space K can be extended to a continuous map F : (3X K . Since P{X) is dense in /3X, 
this extension F is unique, and this means that /3 : X — > f3X is an extension in the class Com with respect to 
Com. By the Remark on p l26l in the case L = M each extension is an envelope, so /3 is an envelope. □ 

Example 1.3. Completion X^ of a locally convex space X is an envelope of X in the category LCS of all 
locally convex spaces with respect to the class Ban of Banach spaces: 

X" = £ny\ZX. 

Proof. Let us denote the natural embedding of X into its completion by Tx : X X^ (we use the notations 

ofl2j). 

First, each linear continuous map f : X ^ B into an arbitrary Banach space B is uniquely extended to a 
linear continuous map F : X^ B on the completion X^ of X (one can refer here, for instance, to the general 
theorem for all uniform spaces Theorem 8.3.10]). Hence, the completion fx : X ^ X^ is an extension of 
the space X in the category LCS of locally convex spaces with respect to the subclass Ban of Banach spaces. 

Note then, that the class Ban of Banach spaces differs morphisms on the outside in the category LCS. By 
Theorem 11.41 this means that any extension a : X ^ X' with respect to Ban is a bimorphism in LCS, i.e. is 
an injective map which image cr(X) is dense in X' . Let us show that in addition it is an open map: for any 
neighborhood of zero U C X there is a neighborhood of zero V C X' such that 

(T(U)DVna{X) (1.27) 

We can think that C/ is a closed convex neighborhood of zero in X. Then the set Ker U — ne>o £ ■ U is a closed 
subspace in X. Consider the quotient space X/ KerU and endow it with the topology of normed space with 
the unit ball U + KerJ7. Then {X/ KerU)^ will be a Banach space, and we denote it by A/U. The natural 
map (the composition of the quotient map X Xj KerJ7 and the completion Xj KerC/ -> (Xj Ker[/)') will 
be denoted by TTf/ : X — !■ X/U . Since a : X X' \& an extension with respect to Ban, the map nu '■ X ^ X/U 
is extended to some linear continuous map [ttu)' : X' — > X/U . 

X > X' 

/ 

/ 

^ (ttc/)' 

XjU 

If we denote by W the unit ball in X/U , i.e the closure of the set U + KerC/ in the space {X/ KerC/)^ = X/U , 
then for the neighborhood of zero V — {{t^u)')^^{W) we obtain the following chain, which proves ([1.27^ : 

yeVr\a{X) ^ 3x e X : y a{x) k y eV 
=^ 3x e X : y = a{x) k (nuYiy) = {nuy{a{x)) = nuix) e W ^ 3x e U : y = a{x) yea{U). 

T 
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Thus, (7 : X — > X' is an open and injective linear continuous map, and (t{X) is dense in X'. This means that 
X' can be perceived as a subspace in the completion of the space X with the topology induced from X^. 
I.e. there is a unique linear continuous map u : X' — > X^ such that 



X 




We conclude that Tx : X — > X^ is an envelope of X in LCS with respect to Ban. □ 
(b) Imprint 

Imprint of a clciss of morphisms by means of a class of morphisms. Suppose we have: 
— a category K, called enveloping category, 



— a category T, called repelling category, 

— a covariant functor F : T — >• K, 

— two classes J? and <P of morphisms in K, which have domains in objects of the class -F'(T), and O is called 
a class of realizing morphisms, and <P a class of test morphisms. 

Then 



• For given objects X e Ob(K) and X' G Ob(T) a morphism a : F{X') — >• X is called a domain of influence 
of a class of morphisms H in the object X e K over the category T by means of the class of morphisms 
if C7 e /?, and for any morphism : B ^ X , ip € ^, there is a unique morphism ip' : B ^ X' such that 
the following diagram is commutative: 



X 



FiB) ^ FIX') 



(1.28) 



• A domain of influence p : F{E) — >^ X of the class of morphisms Q in an object X G K over the category T 
by means of the class of morphisms ^ is called an imprint of a class of morphisms Q in the object X g K 
over the category T by means of the class of morphisms and we denote this by formula 

p=impJX, (1.29) 

if for any other domain of influence cr : F{X') X (of the class of morphisms /? in the object X G K over 
the category T by means of the class of morphisms #) there is a unique morphism v : E ^ X' ml such 
that the following diagram is commutative: 




(1.30) 



The very object E is also called an imprint of a class of morphisms Q in the object X e K over the category 
T by means of the class of morphisms ^, and we denote this by the following formula: 



E = Imp^ X. 



(1.31) 



Further we are almost exclusively interested in the case when T = K, and F : K — )• K is the identity functor. 
In doing this we will omit in terminology the mentioning of the category T, so we'll be speaking about domain of 
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influence and about imprint of the class of morphisms f2 by means of the class of morphisms <1>. The diagrams 
(|1.28p and (ll.30|) will turn respectively into the diagrams 



and 



X 



B - - - - ^ X' 



X 



E - -- - ^ X' 



(1.32) 



(1.33) 



Remark 1.5. Like in the case of envelope, the imprint Imp^^ X (if exists) is defined up to an isomorphism. If 
we want to have a map X i— > Imp^X, then (providing that the imprint always exists) the sufficient condition 
for existence of this map is the skeletal smallness of the category K. In the important special case when /2 is 
the class Mono(K) of all monomorphisms in the category K, the sufficient condition for existence of the map 
X i-T- Imp^^ X (again, providing that the envelope always exists) is that the category K is well-powered (since in 
this case the object Imp^'" X can be chosen by the axiom of choice as a concrete subobject of X). 

Remark 1.6. If J7 0, then, of course, neither domains of influence, no imprints of the class J? exist in the 
objects of the category K. So this construction is interesting only of J? is a non-empty class. The following two 
situations will be of special interest: 

— J7 = Mono(K) (i.e. J7 coincides with the class of all monomorphisms of the category K), then we will use 
the following notations: 

imp^ A := imp^ ' ' X, Imp^ A := Imp^ ''A. (l-«>4) 



— n — Mor(K) (i.e. H coincides with the class of all morphisms of the category K), in this case it is convenient 
to omit any mentioning about J7 in the formulations and notations, so we will be speaking about imprints 
of the category K in the object X G K by means of the class of morphisms and the notations will be 
simplified as follows: 

^ ■ Mor(K) -ir I V I Mor(K) ^ /i oc^ 

imp<|,X := imp^ ' X, lmp^X:=lmp^ ^ ' X. (1.35) 

Remark 1.7. Another degenerate, but this time an informative case is when ~ 0. What is essential for a 
given object X, does not contain morphisms coming to X: 

<P^ ^ {ipe^: Ran{ip) ^ X} = 0. 

Then, obviously, any morphism a € H coming to X , a : X ^ X' , is a. domain of infiuence (of the class of 
morphisms Q) in X (by means of the class of morphisms 0). If in addition i7 = Mono, then the imprint will 
be the initial object of the category Mono(X) (if it exists). This can be depicted by the formula 

Imp0 X = min Mono(X). 

On the other hand, if K is a category with zero 0, and f2 contains all the morphisms going from 0, then the 
imprint of i7 in each object by means of the empty class of morphisms is 0: 

ImpgX^O. 

Remark 1.8. Another extreme situation is when <P = Mor(K). For a given object X the essential thing here is 
that <P contains the local identity for X: 

Ix e <Z>. 

Then for any domain of infiuence a the diagram 

Xi X' 




30 



implies that a must be a retraction (moreover, the dotted arrow here must be unique). In the special case if 
Q = Mono this is possible only if a is an isomorphism. As a corollary, the imprint of i7 in X coincides here 
with X (up to isomorphism): 

l„„Mono \r V- 

"^PMor(K) — 

Properties of imprints: 

1°. Suppose S C [2, then for any object X and for any class of morphisms 

(a) each domain of influence a : X -t^ X' of the S by means of $ is a domain of influence of Q by means 
of^, 

(b) if there are imprints '\mp§ X and imp^X, then there is a unique morphism p : Impjx Impjx 
such that the following diagram is commutative: 



X 

(1.36) 



ImpfX Imp^^X 

(c) if there is an imprint imp^X (of a wider class), and it lies in the (narrower) class E, 

\mp2 X€E, 

then it is an imprint 'mp§ X (of a narrower class): 

\mp2 X = \mp§ X. 

2° . Suppose ^ C^, then for any object X and for any class of morphisms Q 

(a) each domain of influence a : X ^ X' of Q in X by means of $ is a domain of influence of il in X 
by means of^, 

(b) if there are imprints Imp^X and Imp^X, then there is a unique morphism a : \mp2 X — >• \mp2 X 
such that the following diagram is commutative: 



X 

(1.37) 



Imp^X --^-^ ImpJX 

Suppose <P C iF o Mor(K) (i.e. each morphism (p € <1> can be represented in the form (p = tjj o x, where 
tjj G 'I'), then for any object X and for any class of morphisms Q 

(a) if a domain of influence a : X <^ X' of f2 by means of]!/ is at the same time a monomorphism in K, 
then it is a domain of influence of Q by means of 

(b) if there are imprints imp^ X and imp^ X , and imp^ X is at the same time a monomorphism in K, then 
there is a unique morphism j3 : \mp2 X <— Imp^ X such that the following diagram is commutative: 

X 

impg X y \ impj X 




(1.38) 

Imp^^X ^ - ^ - - ImpJX 

4° . Let the classes of morphisms Q, $ and a monomorphism fj. : X -(^ Y in K satisfy the following conditions: 

(a) there is an imprint Imp^^^ X by means if the class of morphisms n o ^ = {p, o ip; tp £ 

(b) there is an imprint Imp^F, 

(c) the composition /xo imp^y belongs to Q. 
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Then there is a unique morphism v : Imp^^j^ X — > Imp^ y such that the following diagram is commutative: 

(1.39) 

lmp;;^X- - - - ^Impf r 

• Let us say that in a category K a class of morphisms (p is generated on the outside by a class of morphisms 
if 

W C^CTo Mor(K). 




The following fact is dual to Theorem II .11 and is proved by analogy: 

Theorem 1.5. Suppose in a category K a class of morphisms <P is generated on the outside by a class of 
morphisms ^. Then for any class of monomorphisms Q (it is not necessary that Q contains all monomorphisms 
of the category and for any object X the existence of imprint imp,^X is equivalent to the existence of the 
imprint imp^^X, and these imprints coincide: 

\mp2 X ^\mp2 X. (1.40) 

• Let us say that a class of morphisms ^ in a category K differs morphisms on the inside^ if for any two 
different parallel morphisms a ^ f5 : X there is a morphism ip : M ^ X from the class ^ such that 

a o ip ^ P o ip. 

The following result is dual to Theorem 11.21 

Theorem 1.6. // the class of morphisms <P differs morphisms on the inside, then for any class of morphisms 
f2 

(i) each domain of influence of fi by means of 'P is an epimorphism, 

(a) the imprint of fi by means of <P exists if and only if there exists an imprint of the class i7nMono by means 
of<P; in that case these imprints coincide: 

n ■ i7nEpi 
imp^ = imp^ 

(Hi) if the class f2 contains all epimorphisms, 

Q D Epi, 

then the existence of an imprint o/Epi by means of <P automatically implies the existence of an imprint of 
[2 by means of <P, and the coincidence of these imprints: 

^2 ■ Epi 
imp<|, ^ imp/ . 

• Let us remind that a class of morphisms ^ in a category K is called a left ideal, if 

Mor(K) C <P 

(i.e. for any ip ^ <I> and for any morphism in K the composition /.i o ip belongs to <P). 
The following proposition is dual to Theorem 11.31 

Theorem 1.7. If a class of morphisms <P differs morphisms on the inside and is a left ideal in the category K, 
then for any class of morphisms fi 

(i) each domain of influence of fi by means of <P is a bimorphism, 

(ii) an imprint of fi by means of (p exists if and only if there exists an imprint of the class fi D Bim of all 
bimorphisms lying in fi by means of(P; in that case these imprints coincide: 

:™„^2nBim 
imp<p = imp^ 

(Hi) if fi contains all bimorphisms, 

fi D Bim, 

then the existence of an imprint o/Bim by means of <P implies the existence of an imprint of fi by means 
of <P, and the coincidence of these imprints: 

n ■ Bim 

imp<j = imp^ . 
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Connection with injective limit. The fohowing lemma explains the similarity between the notions of 
imprint and that of injective limit, and is dual to Lemma ll.ll 

Lemma 1.2. The injective limit p = linjp* : X <— liujX^ of any injective cone {p* : X <— X^; i £ 1} into a 

given object X from, a covariant (or contravariant) system {X^, l^} is an imprint in the object X of an arbitrary 
class of object Q containing p by means of the system of morphisms {p*; i G I}: 

p = lir^p'ef2 =^ Impf^. ,g,jX = lin^X' (1.41) 

In particular, this is true for Q = Mor(K); 

\mp^p,.,,^j^X = \\^X' (1.42) 

Imprint of a class of objects by means of a class of objects. A special case is the situation when S7 
and/or <l> are classes of all morphisms from some given subclass of objects in Ob(K). An exact formulation for 
the case when both classes f2 and <P are defined in this way is the following: suppose we have a category K and 
two subclasses L and M in the class Ob(K) of objects of K. 

• A morphism cr : AT' —> AT is called a domain of influence of the class of objects L in the object X G K by 
means of the class of objects M, if for any object _B G M and for any morphism tp : B ^ X there is a unique 
morphism tp' : B ^ X' such that the following diagram is commutative: 




M 



• A domain of influence p : _E — > A of the class of objects L in the object A G K by means of the class of 
objects M is called an imprint of the class of objects L in the object X £ K by means of the class of objects 
M, and we write in this case 

p = ]mp^X, (1.43) 

if for any other domain of influence ct : A' — > A (of the class of objects L in the object A G K by means 
of the class of objects M) there is a unique morphism v : E ^ X' such that the following diagram is 
commutative: 



A 




(1.44) 



L L 

The very object E is also called an imprint of the class of objects L in the object A G K by means of the 
class of objects M, and we use the following notation for it: 

E = \mp\X. (1.45) 

The following two extreme situations in the choice of L can occur: 

— if L = Ob(K), then we speak about an imprint of the category K in the object X £ K by means of the class 
of objects M, and the notations will be the following: 

imp^A := impj^A, Imp^, A := ImpJJ A, (1.46) 

— if L = M, then the notions of the domain of influence and the imprint coincide: each domain of influence 
of a class L in an object X £ K by means of the very same class L is an imprint of L in X by means of L 
(since ii p : E X and a : X' ^ X are two domains of influence of L in A by means of L, then in diagram 
(|1.44p the morphism v exists and is unique just because cr is a domain of influence) ; for simplicity, in this 
case we will be specking about imprint of the class L in the object A, and the notations will be simplified 
as follows: 



impL X =: imp'' A, 



ImpL^ =: Imp^X 



(1.47) 
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• Let us say that a class of objects M in the category K differs morphisms on the inside, if the class of all 
morphisms going from objects of M has this property (in the sense of definition on page I31(). i.e. for any 
two different parallel morphisms a ^ P : X ^ Y there is a morphism if : M ^ X such that ao ip ^ fS o ip. 

Theorem 11.71 implies 

Theorem 1.8. // a class of objects M differs morphisms on the inside, then for any class of objects L 
(i) each domain of convergence of the class L by means of the class M is a bimorphism, 

(ii) an imprint of the class L by means of the class M exists if and only if there exists an imprint of the class 
of bimorphisms going from L by means of the class M; in that case these imprints coincide: 

L ■ Bim(L.K) 

Examples of imprints. 

Example 1.4. Simply connected covering used in the theory of Lie groups is from the categorial point 
of view an imprint of the class of pointed coverings by means of empty class of morphisms in the category of 
connected locally connected and semilocally simply connected topological spaces (see definitions in [28]). 

Example 1.5. Bornologification (see definition in 19 ) Xborn of a locally convex space X is an imprint in 
X of the category LCS of locally convex spaces by means of the subcategory Norm of normed spaces: 

-'^born = ImPNorm^ 

Proof. This follows from the characterization of bornologification as the strongest locally convex topology on 
X, for which all the imbeddings Xb X are continuous, where B runs over the system of bounded absolutely 
convex subsets in X, and Xb is a normed space with the unit ball B (see [TH Chapter I, Lemma 4.2]). □ 

Example 1.6. Saturation X^ of a pseudocomplete locally convex space X is an imprint in the category LCS 
of locally convex spaces in its object X by means of the subcategory Smi of the Smith spaces (see definitions in 

my- 

(c) Functorial properties of envelopes and imprints. 

Apparently, in the general case the operations of taking envelopes and imprints are not functors. But in two 
important special cases this property is fulfilled. 

Envelope in a class of objects Vifith respect to the same class of objects. An envelope becomes a 
functor if the class of test morphisms and the class of realizing morphisms coincide, <I> — and are the class 
of all morphisms with ranges in some given class of objects L (this is the special case of the situation described 
on page 1261 where we require in addition that L = M). 

Theorem 1.9. Suppose that a category K is co-well-powered, a class L of objects differs morphisms on the 
outside, and each object X inK has an envelope Erw/' X in the class of objects L (with respect to the same class 
of objects L). 

(i) for each morphism a : X ^ Y in K and for each choice of envelopes er\\/^ X and env'' y there exists a 
unique morphism env'' a : Env^ X — > Erw/^Y such that the following diagram is commutative: 

X T}l2L^ En/ X (1.48) 

Q! ' env^ a 

Y """'"^ ; Env"X 

(ii) the correspondence {X,a) ^ (En\/^ X , en\/^ a) can be defined as a covariant functor from K into K; 

env'' Ix — ^Em^ Xi env^{/3 o a) — env^ (3 o env'' a. 

Proof. From the fact that L differs morphisms on the outside it follows by Theorem 11.41 that the envelope 
env X : X ^ Env^X is a bimorphism, and as a corollary, an epimorphism. Since K is co-well-powered, the 
correspondence X H> En\/^ X can be defined as a map (with the help of the choice axiom). The existence of 
morphism env'' a follows from the fact that the composition env'' Y oa acts into the object Env^ Y which lies in 
L. This morphism is unique, since env^ X is an extension (or because it is an epimorphism). This implies, first, 
that the correspondence a env^ a can also be defined as a map, and, second, that it is a functor. □ 
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Imprint of a class of object by means of the same class of objects. In the dual situation the imprint 
becomes a functor, if the class of test morphisms coincide with the class of realizing morphisms, ^ = X?, and 
they are the class of morphisms from a given class of objects L (this is a special case of the definition on page 
I3H where in addition L = M). 

Theorem 1.10. Suppose that a category K is well-powered, a class L of objects differs morphisms on the inside, 
and in each object X in K there is an imprint Imp X of the class of objects L (by means of the same class of 
objects L ). Then 

(i) for each morphism a : X Y in K and for each choice of imprints imp'^X and imp^l" there exists a 
unique morphism imp'' a : Imp^'X — > Imp^l" such that the following diagram is commutative: 



X 



— \mp^X 

I 

I imp^ a 

■J' 

— \mp^X 



(1.49) 



(ii) the correspondence {X,a) (Imp"" X, imp'' a) can be defined as a covariant functor from K into K: 

imp^'lx = limpt-X: imp''(^oa) = imp^'^o imp'' a. 

Nets of epimorphisms. 

• Suppose that to each object X e Ob(K) in a category K it is assigned a subset JVx in the class Ep\{X) of 
all epimorphisms of the category K, going from X, and the following three requirements are fulfilled: 

(a) for each object X the set J\fx is non-empty and is directed to the left with respect to the pre-order 
((Ul^ inherited from Epi(X): 

Vcr, a' e Afx 3p e ^fx p ^ <T k a', 

(b) for each object X the covariant system of morphisms generated by Nx 

Bind(AAx) {t^; p,a^Mx, P^ ^r} (1.50) 

(the morphisms were defined in ([0.13^ : by (|0.14p this system is a covariant functor from the set 
Nx considered as a full subcategory in Epi(X) into K) has a projective limit in K; 

(c) for each morphism a : X ^ Y and for each element r G Afy there are an element a G J\fx and a 
morphism a J : Ran(CT) — > Ran(r) such that the following diagram is commutative 



X 



-^Y 



(1.51) 



Ran((T) 



-> Ran(T) 



(a remark: for given a, a and r the morphism aj, if exists, must be unique, since a is an epimor- 
phism) . 



Then 



we call the family of set Af ~ {A/x; X G Ob(K)} a net of epimorphisms in the category K, and the 
elements of the sets Afx elements of the net M, 

for each object X the system of morphisms Bind(A/x) defined by equalities (jl.501) will be called the 
system of binding morphisms of the net J\f over the vertex X , its projective limit (which exists by 
condition (b)) is a projective cone, whose vertex will be denoted by Xj\f, and the morphisms going 
from it by aj^ — lim : Xj^ Ran((T): 



Ran(p) 




(p^cr); 



(1.52) 



^ Ran(cr) 
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in addition, by (I0.13p . the system of epimorphisms Afx is also a projective cone of the system 
Bind(A6f): 

X (p-^ct), (1.53) 



-4 Ran(cr) 




Ran(p) - 

so there must exist a natural morphism from X into the vertex Xf^ of the projective limit of the 
system B\nd{J\fx) ■ We denote this morphism by limA/x and call it the local limit of the net J\f of 
epimorphisms at the object X: 



X 



lim A6f 




■^X^f (ctgA/'x). 



(1.54) 



Ran((T) 

— the element a of the net in diagram (jl.511) will be called a counterfort of the element t of the net. 

Theorem 1.11. If J\f is a net of epimorphisms in a category K, then for each morphism a : X ^ Y in K and 
for each choice of local limits l^im J\fx and ^mTVy the formula 



aj\/ — ^im ^im o a_\f 
defines a morphism a_\f : X^ Y_^f such that the following diagram is commutative: 



(1.55) 



X 



Y ■ 



lim J\fx 



I 

I "AT 



(1.56) 



lim A^V 4- 
— >>A/- 



// moreover, K is projectively determine^, then the correspondence {X^a) ^ {Xj^f^afj') can he defined as a 
covariant functor from K into K; 



(1.57) 



Proof. 1. Let us explain first the sense of formula (jl.SSp . Take a morphism a : X ^ Y. For each element 
T S Afy of the net denote 

(1.58) 



a = T o a. 



Clearly, the family of morphisms {a'^ : X — !■ Ran(r); t G A/y} is a projective cone of the system of binding 
morphisms Bind(A/V): 

X (t^v). (1.59) 





Ran(r) 



->■ Ran(t;) 



By property (c) for each element r 6 A/y there are an element a € Afx and a morphism a J : Ran(cr) 
such that diagram (|1.5ip is commutative, and we have already denoted by a'^ the diagonal there: 



Put 



a = T o a — a„ o a. 



Ran(T) 
(1.60) 
(1.61) 



^Projectively determined categories were defined on p|3] 
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then we obtain a diagram 



lim Hx 




¥Xj^ {aeJ\fx)- 



(1.62) 



Ran(T) 



Note then that for any other element p £ TVx such that p — > cr the following equality analogous to (ll.6ip is 
true: 

(1.63) 



Indeed, for p —i> cr diagram (|1.5ip can be added to the diagram 

X 




(1.64) 



Ran(p) 



(here the dotted arrow is initially defined as composition o i^, and then, since such an arrow if it exists is 
unique, we deduce that this is the morphism ap. After that we have: 

alf^aloGj^^ = ° PA/- = (HHD = a; o pj^. 



From (|1.63p it follows that the definition of a^y- by (|1.6ip does not depend on the choice of element a G Nx , 
since if cr' £ Afx is another element such that there exists a morphism a^, : Ran{a') Ran(T) for which diagram 
(|1.5ip is commutative (where a is replaced by cr'), then we can take p G J\fx standing from the left of a and cr', 

p ^ a, p a' , 

(at this moment we use Axiom (a) of the net of epimorphisms) and we have the chain 

= "ff ° crA/" (11-63P = o Pa/- = (|1.63p a^, o a'^. 



We can deduce now that formula (jl.6ip correctly defines a map r e Afy ^ ctj\f- Let us show that the family 
of morphisms {ctj^ '■ Xj^ — > Ran(r); r G Afy} is a projective cone of the system of binding morphisms Bind(A/V)- 



Ran(T 




(t -> w G My)- 



(1.65) 



> Ran(u) 



For T — i> w diagram (jl.511) can be added to the diagram 

X >Y 



Ran(cr) 



Ran( 




(1.66) 



1. ENVELOPE AND IMPRINT 



37 



(where the dotted arrow is initially defined as the composition oa^, and then, since such an arrow, if it exists, 
is unique, we deduce that this is the morphism a^). Using this diagram we have: 

From diagram (|1.65p it follows now that there must exist a natural morphism from Xj\f into the projective 
limit Yj\f of the system Bind(7\/V): 

Xf^ -^Yj^ {re My). (1.67) 




Ran(T) 



Recall now that by Axiom (b) of the net the passage from X to the projective limit lim Bind(A/"x) can be 
organized as a map. The further steps on building a^f (the choice of the vertex Xj^ of the cone ^im Bind(A/js:), 
and then the choice of the arrow such that all the diagrams (|1.67p are commutative) is also unambiguous, 
so the correspondence a ^ aj^ can also be treated as a map. 

2. Note then that for the morphisms aj^ the diagrams of the form (|1.56p are commutative. In the diagram 

l;m Mx 

X- ^ >X^f 



Y 

all the inner triangles are commutative: the upper inner triangle is commutative because this is the perimeter 
of (|1.62l) , the left inner triangle because this is a variant of formula (|1.58p , the lower inner triangle because this 
is up to notations diagram (jl.54l) . and the right inner triangle because this is a rotated diagram p.67p . So the 
following equalities are true: 

tjv o ^mA/y o a — a"^ = tj^/ o aj\/ o ^m TVx (t G A/y) 

One can interpret this as follows: each of the morphisms lim TVy o a and o lim J\fx is a lifting of the projective 
cone {a"^ : X — > Ran(T); r £ TVy} for the system of binding morphisms Bind^A/y) which we were talking about 
in diagram (jl.59p to the projective limit of this system. I.e. l^m Ay o a and o l^ui Afx are the very same 
dotted arrow in the definition of projective limit, for which all the diagrams of the form 

X {t(^My). 




Ran(r) 

are commutative. But such an arrow is unique, so these morphisms must coincide: 

^m My o a — aj^ o ^im Mx ■ 

This is exactly diagram (jl.56p . 

3. Suppose now that K is projectively determined. Then the operation of taking this limit can be organized 
as a map: 

X ^ limBind(7Vx) 

(i.e. there is a map which assigns to each object X G Ob(K) a concrete projective limit of the subcategory 
Bind(A/x) among all its projective limits in K). Let us show that in this case the arising map (A, a) i— >■ (A^/', ajsf) 
is a functor, i.e. the identities (jl.57p are fulfilled. Suppose first that a = Ix : A — > A. Then 

a'' = pTSS)) = Toa = Toljf=T =^ o o- = (fOD]) = 
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So in diagrams (|1.67p we can replace aj^ by T}^: 





Ran(T) 

These diagrams are commutative for all r G TVx, and the dotted arrow ajs/ is defined here as the lifting of the 
projective cone {a\f = ■ Xjs/ Ran(T)} to the projective limit {tjs/ : Xjs/ Ran(T)}. Such an arrow is 
unique, so it must coincide with the morphism IjCj^, for which all these diagrams are trivially commutative: 

Let us now prove the second identity in (11.571) . Consider the sequence of morphisms X Y Z. Take 
an element v £ J\fz and, using Axiom (c), let us choose first an element r G Afy and a morphism such that 

V O /3 = O T, 

And then again using Axiom (c) choose an element a e TVx and a morphism such that 

T o a = a'^ o a. 

We obtain the following diagram: 



X 



-¥ z 



Ran(f7) > Ran(T) > Ran(u) 
If we remove here the middle arrow, then we obtain a diagram 

j3oa 



X 



^z 



-> Ran(u) 



Ran((T) 

which can be understood in such a way that the morphism o is exactly the unique dotted arrow from 
diagram (jl.Sip . but the difference is that Y is replaced here by Z, a by /3 o a, and r by Hence we can deduce 
that there exists a morphism (/3 o which coincide with o aj^: 

{i^; o al ^ o a)l (1.68) 

This equality is used in the following chain: 

W ° /^A/- o aA/- = o TA/- o q;a^ = o o (ja^ = (/? o af^ o CTA/- = o af^ = (|1.67p = wjv- o (/3 o a)j^. 




II n-67i 



II IT-sH 

(/3oa)Xf 



If we omit the intermediate calculations, we arrive at the following double equality: 

o (^AA o "A^) = (/3 o = UAA o (/3 o a)A^. 

This is true for each v G Mz- So this can be treated as if both fij^ o olj^ and (/3 o t)a/' were liftings of the 
projective cone {(/? o a))^ : Xj^ Ran(u); v G A/z} for the system of binding morphisms Bind(7Vz) (and this 
family is indeed a projective cone due to diagram (I1.65P where one should replace Y by Z, and a by /3 o a) to 
the projective limit of this system. Thus, /Sa/ o oa/ and (/3 o t)a/ are exactly the dotted arrow in the definition 
of projective limit, for which all the diagrams of the form 




{v G Mz). 



Ran(u) 
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are commutative. But this dotted arrow is unique, so these morphisms must coincide: 

P^oo^M = {13° t)j^. 

This is the identity (|T37)) . □ 
Theorem 1.12. Suppose M is a net of epimorphisms in a category K. Then 

(a) for each object X in K the local limit limA/x is an envelope envj\f X in the category K with respect to the 
class of morphisms Af: 

limA/'x = envA/-X, (1.69) 

(b) if K is projectively determined, then there is a covariant functor {X,a) i— )■ (Epvtv X, envjv a) from K into 

envAA(ljf) = lEnvAf envA/'(^ o a) = envAA/3 o envA^a, (1.70) 

such that for any morphism a : X ^ Y inK the following diagram is commutative: 

X ^""-^"^ ) EnvA.X . (1.71) 

I 

I env^ a 

Y > EnvA/- X 

Proof. By Lemma 1 1.1 1 the projective hmit lim TVx is an envelope of X in K with respect to the cone of morphisms 

^TVx = envjv'^ X 

In the last expression one can replace Afx by TV, since J\fx is exactly a subclass in Af consisting of morphisms 
which go from X: 

l^im Afx = env^^-^- X = envAA X. 
The rest follows from Theorem 1 1.1 II □ 

Theorem 1.13. Suppose in a category K we have a net of epimorphisms Af and classes of morphisms f2 and 
<!>, such that the following conditions are fulfilled: 

(i) all the local limits ^mTVx belong to Q, and fi lies in the class of all epimorphisms of the category K; 

{l^Nx; X £ Ob(K)} c 12 c Epi(K), 

(ii) the net Af generates the class <1> on the inside: 

Af C^C Mor(K) oAf. 

Then 

(a) for each object X inK the local limit limTVx is an envelope env^^ X in the class fl with respect to the class 

hm7Vx=env^X, (1.72) 

(b) ifK is projectively determined, then there is a covariant functor (X, a) (Env^ X, env^ a) from K into K, 

env^(lx) = lEnvgX: envf(^oa) =env^^^oenv^a, (1.73) 
such that for any morphism a : X Y in K the following diagram is commutative: 

env^ X , ^ 

X > Env^^ X . (1.74) 

I 

I env^ a 
env J Y "t, 

Y > En\/2 X 
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Proof. 1. By Theorem 11.121 the local limit of the net limA/x is an envelope of X in the class Mor(K) of all 
morphisms of the category K with respect to the class ol morphisms J\f: 



,. .r ^ Mor(K) 

limA/x = envAA X :— env^ X. 

On the other hand, by (i) lim TVx belongs to a narrower class il, so by 1° (c) on page [201 l^mA/x must be an 
envelope in this narrower class SI: 

1- A/- V Mor(K) ^ n V 

i^mjvx — envA/" X — env^ X = ens/j^ X. 



Further, since Af generates <1> on the inside, and f2 consists of epimorphisms, by p.l4p the envelope with respect 
to TV must coincide with the envelope with respect to ^: 



,. ,r Mor(K) 

lim A/x — en\/^ X — env^ ^ ' 



X = envj^ X = env2 X. 



This proves PTT^ . 

2. The existence of the dotted arrow in (|1.74l) follows now from Theorem 1 1.1 21 (or from Theorem II. lip , and 
its uniqueness - from the epimorphy of the morphism lini Mx = env^^X. Finally, (|1.73p follows from (|1.70p 
(and from the uniqueness of the dotted arrow in (|1.74p V □ 



The requirement of Theorem 11.131 that the net of epimorphisms M must consist of epimorphisms of the 
category K can be replaced by another condition which is described with the help of the following definition 
(however, it is not clear, whether this definition is informative, since the author does not know any examples of 
the nets with this property - see below counterexample 14 . 3p . 



Let us say that in diagram (jl.Sip 



X 



Ran(cr) 



Ran(r) 



the counterfort cr of an element t is relatively splitted, if for each morphism 5 :Y ^ Ran(cr) the commu- 
tativity of the diagram 

X vY 



Ran((T) 

automatically implies the commutativity of the diagram 

Y 



Ran(cr) 



-4 Ran(T). 



If in the net of epimorphisms TV each element r e TVy has a relatively splitted counterfort for any morphism 
a : X ^ Y 'm K, then the net TV will be called a relatively splitted net of epimorphisms. 

Theorem 1.14. Suppose in a category K we have a relatively splitted net of epimorphisms TV, and classes of 
morphisms fl and <P such that: 

(i) all the local limits ^mTVx belong to class f2: 

{\^J\fx; X e Ob(K)} c f], 

(a) the net J\f generates the class <P on the inside: 

TV C C Mor(K) o TV. 
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Then 



(a) for each object X in K the local limit lim Afx is an envelope env^X in the class of morphisms SI with 
respect to the class of morphisms fp: 

^A6f=env^^X, (1.75) 
(h) ifK is projectively determined, then there is a covariant functor (X, a) n- (Env^ X, env^^ a) from K onto K 

env^(lx) = lEnvgX: envf (^oa) = envf ^oenv^^a, (1.76) 
such that for any morphism a : X Y inY. the following diagram is commutative: 



X 



Y 



env" Y 



^ Env^' X 



I env^ a 

Env^^ X 



(1.77) 



Proof. The difference between this situation and the one in Theoreni ll.l3l is that we cannot use here the cquahty 

dm. 

1. By Theorem 1 1 . 1 21 the local limit \^m j\fx is an envelope of X in the class Mor(K) of all morphisms in the 
category K with respect to the class of morphisms TV: 



limTVx = en\/j\f X :— env 



Mor(K) 



X. 



On the other hand, by (i) l^mMx belongs to a narrower class SI, so by 1° (c) on pagej^Ol l^mJVx is an envelope 
in this narrower class S7: 

1- «/- V Mor(K) ^ n V 

i^mjvx — envjv" A = env^^ X — envj^X. 
Hence for proof of (|1.75p it remains to verify the equality 



env^ X — em'J X. 



(1.78) 



Denote uj = envj^ X and let us show first that cj is an extension of X in i7 with respect to Take (f : X M, 
(fi G "P. Since JV generates <P on the inside, there is an element p G Afx and a morphism x ■ Ran(p) M such 
that 

(p = Xo P- 

Since uj is an extension with respect to Af, the morphism p can be continued to some morphism p' at Env^X, 
and after that we obtain that <y9' = x o p' is a continuation of </? at Em^ X: 

X > Env^j^ X 




Let us show now that this continuation ip' is unique. Suppose that if' , ip" : Env^ X ^ M are two continuations 
for (f, i.e. Lp' oijj ip ^ ip" ouj. Our reasoning will be illustrated by the following diagram, where the left-half and 
the right-half are commutative separately from each other, and the numbers mean the order of of construction 
of the arrows: 

Ran(cr) i 2 X 2- ■> Ran(cr) (1.79) 



■5. 



.■3' 



Ran(T) 



■1 Env^X 1- 



■;> Ran(T) 




■> M <■ 
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Here the arrows with the number 1 are built as fohows. Since M generates <P on the inside, there are 
some elements v' e A/'EnvjJx such that if' — x' ° "'j v" — x" ° ^" for some x' iX" ■ Take an element 
T G M^ny" X which majorizes v' and v" , i.e. t v' and t — > 



Then u' = 



and v" = 



T, hence 



ip' = x' ° i-T o T — tp' o T and ip" — x" ° i-T ° t — -0" o t, where tp' — x' ° '•t ^-i^d V-"" = x" ° '-t • 

Then we fix this r and find a relatively splitted counterfort cr for it and the corresponding binding morphism 

uj'^ (at this moment we use the fact that Af is relatively splitted). That is how the arrows with number 2 appear. 
Finally, the arrow with number 3, i.e. 6, is a continuation of a along the extension lj. The commutativity 

of the triangles which arise on the both sides of S follows from the relative splittability of counterforts; the 

equality a — S o uj implies the equality r = o i5. 

Once diagram (|1.79p is constructed, we get the following chain: 



= If' O UJ = ip ~ if" O UJ = Tp" O CJ^^ 



Epi 



m 
Epi 



Thus, we understood that envj^X is an extension of X in i7 with respect to ^. If now a : X 



X' is 

another extension oi X in Q with respect to ^, then a : X ^ X' is an extension of X in i7 with respect to a 
narrower class A/", so there must exist a unique morphism v from X into the envelope Env^ X with respect to 
TV such that 

X 



X' 




This means that env^ X is not just an extension, but an envelope of X in J? with respect to 'P, so (I1.78P holds, 
and as a corollary (I1.75P holds as well. 

2. Now the existence of a dotted arrow in (|1.77l) follows from Theorem ll.l2l for from Theorem ll.lip . Finally, 
(irra follows from (fTTni) . □ 



Nets of monomorphisms. 

• Suppose that to each object X 6 Ob(K) in a category K it is assigned a subset Afx hi^ the class Mono(X) 
of all monomorphisms of K coming to X, and the following three requirements are fulfilled: 

(a) for each object X the set Afx is non-empty and is directed to the right with respect to pre-order 
((U?51) inherited from Mono(X): 

Vp, p' e Afx ^cr e Afx p ^ cf k p' a, 

(b) for each object X the covariant system of morphisms generated by the set Afx 

Bind(A6f ) := {^"p] p,aeNx, P^ (t} (1.80) 



(the morphisms Kp were defined in (j0.9l) ; according to (|0.10p , this system is a covariant functor from 
the set Afx considered as a full subcategory in Mono(X) into K) has an injective limit in K; 

(c) for each morphism a : X Y and for each element a G Afx there is an element t £ Afy and a 
morphism a^. : Dom(cr) ^> Dom(T) such that the following diagram is commutative: 



X 



Dom{a) 



(1.81) 



^ Dom(T) 



(a remark: for given a, a and r the morphism a^, if exists, must be unique, since r is a monomor- 
phism). 



Then 



1. ENVELOPE AND IMPRINT 



43 



we call the family of sets Af — {A/x; X G Ob(K)} a net of monomorphisms in the category K, and 
the elements of the sets Afx elements of the net Af, 

for each object X the system of morphisms Bind(A/'x) defined by equalities (|1.80p will be called a 
system of binding morphisms of the net Af over the vertex X, its injective limit (which exists by 
condition (b)) is an injective cone whose vertex will be denoted by Xj\f, and the morphisms coming 
to it by pf^ = linj : Xj^ ^ Ran{a): 

cr£Afx 



Dom{p) 




(1.82) 



> Dom(CT) 



in addition, by (|0.9|) . the system of monomorphisms A/x is also called an injective cone of the system 
Bind(A6f): 

X (p^a), (1.83) 



Dom(p) 




> Dom(a-) 



so there must exist a natural morphism into X from the vertex Xj\f of the injective limit of the 
system B\nd(Afx) ■ This morphism will be denoted by limTVx and will be called a local limit of the 
net of monomorphisms Af at the object X: 



Xm ■ 



lir^A/x 





-^X (aeAfx) 



(1.84) 



Dom((7) 



— the element r of the net in diagram (ll.81|) will be called a shed for the element a of the net. 

The following four propositions are dual to Theorems 11.111 11.12[ 11.131 and 11.141 

Theorem 1.15. If J\f is a net of monomorphisms in a category K, then for each morphism a : X Y in K 
and for each choice of local limits Im^Afx o,nd lin^ A/y the formula 



aj^ = lin^ lii^ tj^ o 
defines a morphism aj\f : X^ — ?• such that the following diagram is commutative: 



(1.85) 



X 



Y ■ 



lim A/"x 



lim A^y 



-4- X}^ , 
I 

4- 



(1.86) 



// moreover K is injectively determinea^, then the correspondence {X,a) i— )> {Xj^,a_\f ) can be defined as a 
covariant functor from K into K.' 



Theorem 1.16. Suppose Af is a net of monomorphisms in a category K. Then 



(1.87) 



(a) then for each object X in K the local limit ImjAfx is m imprint \^^\pf^X of the category K in X by 
of the class of morphisms Af: 

limA6c = impjy- X, (1 



means 



^Injectively determined categories were defined on p|3] 
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(b) ifK is injectively determined, then there is a covariant functor {X,a) i— (\vr\pj^ X,\mpj^j- a) from K into K 

imp^(lx) = limp_vX, imp_^(^oQ;) = imp^/3oimpjva, (1.89) 
such that for any morphism a : X ^ Y in K the following diagram is commutative: 

\mpf.rX 

Xi — \mpj^X . (1.90) 

I 

\mp^X 

Theorem 1.17. Suppose that in a category K we have a net of monomorphisms Af and classes of morphisms 
n and ^ such that the following conditions are fulfilled: 

(i) all the local limits livciMx belong to fi, and J7 lies in the class of all monomorphisms ofK: 

{In^TVx; X e Ob(K)} C i7 C Mono(K), 

(ii) the net M generates the class on the outside: 

TV C ^ C AAo Mor(K). 

Then 

(a) for each object X inK the local limit lir^A/x is an imprint imp^ X of the class Q by means of the class 

lu^JVx =\mp2x, (1.91) 

(b) if K is injectively determined, then there is a covariant functor {X, a) H> (Imp^^ X, '\mp2 ct) from K into K 

impf (Ix) = limpgx: impf(^oa) = impf /3oimpJa, (1.92) 
such that for any morphism a : X ^ Y in K the following diagram is commutative: 



impj X 



\mp2x 



(1.93) 



impj a 



Let us say that in diagram (|1.81|) 



X 



Imp<j, X 



-^Y 



Dom((T) 



Dom(T) 



the shed r of the element a is relatively splitted, if for each morphism 6 : Y ^ Ran((T) the commutativity 
of the diagram 



X 



^Y 



Dom(T) 

automatically implies the commutativity of the diagram 

Dom(cr) > Dom(T) 

If in a net of monomorphisms J\f each element a £ J\fx has a relatively splitted shed for each morphism 
a : X — >^ y in K, then the net J\f will be called a relatively splitted net of monomorphisms. 
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Theorem 1.18. Suppose in a category K we have a relatively splitted net of monomorphisms J\f and classes of 
morphisms f2 and <I> such that: 

(i) all the local limits lim A/"x belong to fi: 

{ik^AGf; X e Ob(K)} c r?, 

(a) the net M generates the class on the outside: 

TV C ^ C A/'o Mor(K). 

Then 

(a) for each object X inK the local limit Im^Afx is an imprint \vr\p2 X of the class fl by means of the class <I>: 

\]^Mx = impf X, (1.94) 

(b) if K is injectively determined, then there is a covariant functor {X, a) (Imp^^ X, \mp2 Q.) from K into K 

imp^(lx) = limpjxi imp^(/3oa) = imp^^/3oimp^^a. (1.95) 
such tha for any morphism a : X ^ Y in K the following diagram is commutative 

impj 



X f- 



\mp'4X 

impj a 



(1.96) 



Y < Imp^^ X 



§ 2 Nodal decomposition and its relations with envelopes and im- 
prints 

In this section we are going to discuss two special cases: the envelopes in the class Epi of all epimorphisms (with 
the dual construction, the imprints of the class Mono of all monomorphisms), and the envelopes in the class SEpi 
of all strong epimorphisms (with their duals, the imprints in the class SMono of all strong monomorphisms). 
These objects are curiously related to the notion of the nodal decomposition, which will be defined later on 
page ST] 

(a) Nodal decomposition 
Strong decompositions. 

• A representation of a morphism ip into a composition of three morphisms 

= t o p o 7, 

where i is a strong monomorphism, and 7 a strong epimorphism, will be called a strong decomposition of 
ip. 

Theorem 2.1. Ifip — Lopoj is a strong decomposition of ip, then for any other decomposition 

if — ^ o e 

— the epimorphity of e implies the existence of a unique morphism fi' such that the following diagram is 
commutative: 

X y Y 



(2.1) 




(in this case if fi is a monomorphism, then 11' is a monomorphism as well), 
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the monomorphity of /i implies the existence of a unique morphism e' such that the following diagram is 
commutative: 



X 



Y 



M 



X' > Y' 

(in this case if s is an epimorphism, then e' is an epimorphism as well). 
Proof. Let e be an epimorphism. Consider the diagram 

X Y 



M 



(2.2) 



X' 



Y' 



and transform it into the fohowing one: 



X — — > M 



P°7 



Y' —r^ Y 

Here e is an epimorphism, and /i a strong monomorphism, hence there exists a (unique) morphism fi' such that 



X > M 

/ 



Y' —r^ Y 



This is the morphism for (j2.ip . By Property on page[7J if in addition fi = lo fj,' is a monomorphism, then /z' 
is also a monomorphism. The second case is duaL □ 

Suppose we have two strong decompositions ip — l o p o ^ and ip — l' o p' o j' oi one morphism cp 

X—^Y X—^Y 



P Q P' Q' 

^ p 

If there exist (the only possible) morphisms a : P ^ P' and t : Q' Q such that the following diagram is 
commutative 




(2.3) 



then we say that the strong decomposition (p — Lopoj is subordinated to the strong decomposition ip — i'op'07', 
and we write in this case 

(i,p,7) < {l,p,j). 

If in addition a and t are isomorphisms here, then we say that the decompositions tp = Lopoj and p = i'op'07' 
are isomorphic, and we write 
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Proposition 2.1. The two-sided inequality 

(t,p,7) ^ (t',p',7') «S ('-,P,7) 
is equivalent to the isomorphism of strong decompositions 

{hP,l) = (''',P',7')- 

Proof. The first inequality tiere implies the existence of (unique) dotted arrows in (I2.3p . and the second one 
means that the reverse arrows exist as well (and again are unique). In addition the epimorphy of 7 and 7' imply 
that a with its reverse arrow are mutually reverse isomorphisms, while the monomorphy of b and t' imply that 
the same is true for r with its reverse arrow. □ 

Nodal decomposition. If in a strong decomposition Lp — l' o p' o^' the middle morphism p' is a bimorphism, 
then we call this a nodal decomposition. We say also that K is a category with a nodal decomposition^ if every 
morphism ip in K has a nodal decomposition. 

Proposition 2.2. Each nodal decomposition ip — t'op'07' subordinates each strong decomposition Lp — Lopoj: 

(t,p,7) «C (t',p',7'). 
As a corollary, a nodal decomposition is unique up to isomorphism. 
Proof. Let ip — iopojhea strong decomposition. If we transform the diagram 

X Y (2.4) 



P'^^Q' 




P -p >Q 

into the diagram 




then one can recognize here a quadrangle of the form (j0.16p . since t is a strong monomorphism here, and p'07' an 
epimorphism (as a composition of an epimorphism 7' and a bimorphism p'). Hence, there is a unique morphism 
T such that 
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and this again is a quadrangle of the form (j0.16l) . since 7 is a strong epimorphism here, and i! op' a monomorphism 
(as a composition of a bimorphism p' and a monomorphism /,'). Hence, there exists a unique morphism cr such 
that 

X . Y 



These two morphisms together give diagram 




□ 



• From the uniqueness (up to isomorphism) of the nodal decomposition (yS = t' o o 7' it follows that one 
can assign notations to its components. We will further depict a nodal decomposition of a morphism 
: X ^ y as a diagram 

X > Y 



coirrioo V 



irrioo ^ 



(2.5) 



. redoo V . 
Coimoo<y5 > mooV 



(where elements are defined up to isomorphisms). The proof of Theorem 12 .41 below and Remar k 1 2 . 2 1 i ust ifv 
these notations, since they show that co irrioo, red 00 and irrioo can be conceived as a sort of "transfinite 
induction" of the usual operation coim, red and im in preabelian categories: 

coimoo = lim coim o coim o... o coim 

n multipliers 

redoo — fim red o red o... o red 

n— >oo V 

n multipliers 

imoo = lim imoimo...oim 

n— >oo^ V ^ 

n multipliers 

We will call 

— imoo i-P a nodal image, 

— redoo ^ a nodal reduced part, 

— coimoo ^ a nodal coimage 

of the morphism ip. 
Remark 2.1. By Theorem [Q 

— for any decomposition ip = p o e, where e is an epimorphism, there is a unique morphism p' such that 



COItTloo ^ 




(2.6) 



redoc '-P ^ 

Coimoo ^ > Irrioo V 

(and if /i is a monomorphism, then p' is a monomorphism), 

for any decomposition ip ^ po s, where p is a monomorphism, there is a unique morphism e' such that 

(2.7) 
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(and if e is an epimorphism, then e' is an epimorphism) . 

Factorizations in a category with nodal decomposition. From (12.61) and (I2.7|) we immediately have 

Proposition 2.3. If X ^ M Y is a factorization of a morphism X — > Y in a category K with a nodal 

decomposition, then there are unique morphisms Coirtioo <y3 — > M and M IrOoc^ such that the following 
diagram is commutative: 

(2.8) 




Moreover, e' is an epimorphism, and /i' a monomorphism. 

Let (e,/x) and {e',fi') be two factorizations of ip. We say that the factorization (e, /i) is subordinated to the 
factorization (e',/i') (or (£',/i') subordinates (e,/i)), and write 



if there exists a morphism /3 such that 



e' = P o e, /i = /i' o /3 



I.e. 




From Properties 1° and 3° on page [7] it follows that f3, if exists, must be a bimorphism, and from the fact that 
fi' is a monomorphism (or from the fact that e is an epimorphism) that /3 is unique. 

Theorem 2.2. In a category K with nodal decomposition 

(i) every morphism ip has a factorization, 

(a) among all factorizations of ip there is a minimal (emin,Mmin) md a maximal (Cmax, /^max); the factor- 
izations that bound any other factorization {s,ii): 

(^^mini Mmin) ^ (^; /^) ^ (^max; /^max) 

Proof. Here (i) follows from (ii), so we prove (ii). Put 

Emin = COirrioo V, A^min = inioo V ° ^edoo ^, Emax = redoo f O Coirrioo ^P, A*max = imoo 



then these will be factorizations of ip, and from 
second one is maximal. 



it follows that the first one of them is minimal, and the 

□ 



Strong morphisms in a category with nodal decomposition. 

Theorem 2.3. In a category with nodal decomposition 

(a) II is an immediate monomorphism fi is a strong monomorphism 
redoo fJ- are isomorphisms, 

(h) e is an immediate epimorphism <=f- e is a strong epimorphism e 
are isomorphisms. 



fi = irrioo fi 



coirrioo £ 



irrioo fi and redoo M 
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Proof. By the duality principle it is sufficient to prove (a). 

1. If /i : X — > y is an immediate monomorphism, then in its maximal factorization 



the morphism e,. 



redoo M ° coitrioo /i must be an isomorphism. This implies formula 
Ix = (emax)"^ o redoo ° coitTioo M 



from which one can conclude that coirrioo /i is a coretraction. On the other hand, coirrioo fj, is an epimorphism, 
hence coirrioo ^J■ is an isomorphism. This implies that redoo ^J■ — £max ° (coirPoo is an isomorphism. 

2. If coimoo M ^iid redoo M ^-re isomorphisms, then its composition x = redoo M ° coirPoo ^J■ is an isomorphism 
as well, and at the same time ^ = imoo M o X- This means that = imoo 

3. If /i = imoo M, then, since irrioo /i is a strong monomorphism, /x is also a strong monomorphism. 

4. If /i is a strong monomorphism, then by property 2° on page 1141 /i is an immediate monomorphosm. □ 

On existence of a nodal decomposition. Let us note that if /i is a monomorphism in a category K, then 
for any its decomposition fi = fi' o e, ii e is a strong epimorphism, then e must be an isomorphism: 



/z S Mono 



Ve G SEpi V/i' /i = /i' o £ 



£ G Iso 



Indeed, by 1° on p|7l the equality /i = /i' o e means that e must be an isomorphism, and, since in addition e is 
a strong epimorphism, so (by 4° on p|14p. an immediate epimorphism, then by 4° on p ll3l we obtain that e is 
an isomorphism. 

• Let us say that in a category K strong epimorphisms discern monomorphisms, if the reverse is true: from 
the fact that a morphism /i is not a monomorphism it follows that /i can be represented as a composition 
II — fj,' o e, where e is a strong epimorphism, which is not an isomorphism. 

Dually, if e is an epimorphism in a category K, then for any its decomposition e = /i o e', if /i is a strong 
monomorphism, then fi must be an isomorphism: 



e G Epi 



y^j, G SMono Ve' e = o e' 



/i G Iso 



• Let us say that in a category K strong monomorphisms discern epimorphisms, if the reverse is true: from 
the fact that a morphism e is not an epimorphism it follows that e can be represented as a composition 
£ = /i o e', where /i is a strong monomorphism, which is not an isomorphism. 

Recall that the notion of linearly complete category was introduced on page [31 

Theorem 2.4. Let K ba a linearly complete, strongly well-powered and strongly co-well-powered category, where 
strong epimorphisms discern monomorphisms, and, dually, strong monomorphisms discern epimorphisms. Then 
K is a category with nodal decomposition. 

Before proving this theorem let us introduce the following auxiliary construction. Take a morphism : X — >■ 
y in a category K. Since K is strongly co- well-powered, in the category SEpi(X) of strong epimorphisms going 
from X there exists a set of strong quotient objects Q C SEpi(X), and in the category SMono(F) of strong 
monomorphisms coming to Y there is a set of strong subobjects S C SMono(y). We freeze these sets Q and S. 

• A decomposition Lp = Lopo^oia, morphism Lp is said to be admissible, if 7 G Q and t G 5. Certainly, 
any strong decomposition ip — l' o p' o ^ oi a morphism ip is isomorphic to some admissible decomposition 

if ^ L O p O ^. 

• Let us call a local basic decomposition of a morphism ip in a category K an arbitrary map p i— > (coim p, red p,\m p) 
that to each admissible decomposition (i, p, 7) of the morphism ip assigns some strong decomposition 
(im p, red p, coim p) of p 

X > Y 



Dom p > Ranp 



_ . redp 

Coimp > Imp 



(2.9) 
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in such a way that the fohowing conditions are fulfihed: 

(a) the decomposition (t o im p, red p, coim po j) of is admissible (i.e. coim p o j ^ Q and i o im p G S), 

(b) p is a monomorphism coim p is an isomorphism <f=^ coim p = 1, 

(c) p is an epimorphism im p is an cpimorphism im p = 1. 

Lemma 2.1. Let K be a strongly well-powered and strongly co-well-powered category, where strong epimorphisms 
discern monomorphisms, and strong monomorphisms discern epimorphisms. Then each morphism if in K has 
local basic decomposition. 

Proof. Let us first show that for any admissible decomposition {l,p,^) of (p a diagram (|2.9p satisfying (a), (b), 
(c) exists. Let us freeze this decomposition (i, p, 7) and consider several cases. 

1. If p is not a monomorphism, then there exists a decomposition p = p' os, where e is a strong epimorphism, 
but not an isomorphism. Set coim p = e and consider the morphism p'. 

1.1. If p' is not an epimorphism, then there exists a decomposition p' ~ pop", where /x is a strong 
monomorphism, but not an isomorphism. Then we set im p = p and red p = p" . 

1.2. If p' is an epimorphism, then we set imp = iRanp and red p = p'. 

2. If p is a monomorphism, then we set coim p = iDomp and again consider p. 

2.1. If p is not an epimorphism, then there exists a decomposition p = pop', where p is a strong 
monomorphism, but not an isomorphism. We set imp = p and red p — p'. 

2.2. If p is an epimorphism, then we set im p = ly and red p — p. 

In any case we obtain a decomposition p = im p o red p o coim p, where im p is a strong monomorphism, coim p 
is a strong epimorphism, and (b) and (c) are fulfilled. Now to provide (a) we have to replace (if necessary) the 
epimorphism coim p with an isomorphic epimorphism vr o coim p in such a way that Trocoimpo^ £ Q, and this 
can be done due to Proposition 10 . 1 1] Similarly, the monomorphism im p should be replaced with an isomorphic 
monomorphism im p o cr in such a way that toimpocr G S, and this can be done due to ProDOsition l0.9l 

Thus, for an arbitrary admissible decomposition {l,p,j) of diagram p.9p satisfying (a), (b), (c), exists. 
Note now that from Propositions 10.41 and 10.41 it follows that for a given admissible decomposition (/,, p, 7) of 
morphism (p the class of decompositions (im p, red p, coim p) of p, which satisfy (a), (b), (c), is a set. Indeed, 
every such a decomposition (im p, red p, coim p) is uniquely defined by the morphisms imp and coimp (since 
from monomorphity of im p and epimorphity of coim p it follows that red p, if exists, is unique). So the class 
of decompositions (im p, red p, coim p) can be conceived as a subclass in the cartesian product of sets A x B, 
where A — {a Sub(Ranp) : t o a G 5} is a class of monomorphisms where imp runs, and which is a set by 
Proposition 10.91 and B — {f3 G Quot(i?) : f3 o e E Q} is a class of epimorphisms, where coimp runs, and which 
is a set by Proposition 10 . 1 1 p . 

We obtain that for any admissible decomposition (t, p, 7) of ip the class of decompositions (coim p, red p, im p) 
satisfying (|2.9p and (a), (b), (c), is a (non-empty) set. From this it follows that we can apply the axiom 
of choice and construct a map which to each admissible decomposition (t, p, 7) of ip assigns a decomposition 
(coim p, red p, im p), satisfying (j2.9D and (a), (b), (c). This is the required map p 1-^ (coim p, red p, im p). □ 



Proof of Theorem \2.4\ Take a morphism ip : X ^ Y , find a set of strong quotient objects Q C SEpi(X) and a 
set of strong subobjccts S C SMono(F), and construct a local basic decomposition like in Lemma I^TTl The proof 
consists in constructing a transfinite system of objects and morphisms, indexed by ordinal numbers i £ Ord, 

X' ^ Y\ X' % X\ Y' ^ Y^ (i ^ j) 
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the idea of which is iUustrated by the foUowing diagram (going infinitely below) : 

X >Y 



X° >Y^ 



(2.10) 



e^— coim c/?*^ 



xi — z ^ ^yi 



^2 — coim if 



X 



2 (^^ — redup^ 



63— coim 



Here is how we do this. 
0) Initially, we put 



X" = X, r° = Y, = if, 

1) Then for an arbitrary ordinal number k we put 



el = coim ip'^ , 



(f^ — red ip'^ . 



and 



if k is an isolated ordinal, i.e. k = j + I for some j, then we set 

4 = ^i+l ^ COitTK^^ 

and after that for any other ordinal number i < j 



red (fi-' 



if fc is a limit ordinal, i.e. for any j < k we have j + 1 < fc, then X'' is defined as the injective limit 
of the covariant system {X^,ej;i ^ j < k}, Y^ as the projective limit of the contravariant system 
{Y^,p^^-i^j <k}, 

X''=YimX\ r'-'^limF^ 

the system of morphisms {s\;i < k} is the corresponding injective cone of morphism going to X'', and 
the system of morphisms {/^^; i < fc} is the corresponding projective cone of morphisms going from Y'', 

el = lini e), nl = lim fi), i ^ fc. 

j^k k-^j 

This automatically implies equalities 

4 = 4 ° 4' f^k = fJ-j ° Mi, i^j^k 

and by Proposition 10 . 1 3l all the morphisms e], are strong epimorphisms, while by Proposition 10 . 1 21 all the 
morphisms /ij are strong monomorphisms. As a corollary, the object X'' can be chosen in such a way 
that the epimorphism e° lies in Q (for this we just need to multiply from the left the system {e^; i < k} 
of epimorphisms by a morphism, so that the property of being injective cone is preserved); similarly, the 
object Y'' can be chosen in such a way that the monomorphism lies in the set S (for this we just 
need to multiply from the right the system {/i^; i < fc} of monomorphisms, so that the property of being 
projective cone is preserved). That is what we will do, and after that the morphism (p^ can be defined by 
two equivalent formulas: 

(fi'' = lim lim /i* o ip^ ~ lim lim (p-' o e* 



k<—i j^k 



i^k k<—j 
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Here the first double limit should be understood as follows: for a given i < k the family {/i* 01^9-'; i ^ j < k} 
is an injective cone of the covariant system {e^-; i ^ l,j < k}, so there exists a limit 

lim ^] o (p> ; 

after that the system {[iuij^k i < k} turns out to be a projective cone of the contravariant system 



{/z' ; i ^ l,j < k}, so there exists a limit 



lim lim fi] o ip^ 

k-^ij^k ■' 



Similarly, in the second double limit for a given i < k the family {ip^ ° s^-; i ^ j < fc} is a projective cone 
of the contravariant system {/x^-; i ^ l,j < k}, so there exists a limit 

lim if^ o e) ; 

after that the system {limfc<_j (^^ o e*; i < k} turns out to be an injective cone of the covariant system 
{ej; i ^ l,j < k}, so there exists a limit 

lim lim ip-' o e* . 

Each of these double limits gives an arrow from X'' into which makes all the necessary diagrams 
commutative, and since this arrow is unique (this follows from the fact that fi^. are monomorphisms and 
el. are epimorphisms), those double limits (arrows) coincide. 

Eventually we obtain a system of morphisms such that for any two ordinal numbers i ^ j the following 
diagram is commutative 



X^ 



-4- 



and for any three ordinal numbers i ^ j ^ k the following diagrams are commutative 



X' 



Y' 



X^ 



A'fc 



Y' 



and moreover, e^- are strong epimorphisms, and /i* are strong monomorphisms. From the last two diagrams it 
follows that the formulas 

F{i)=e°, ieOrd (G{i)=^l°, i G Drd 

F{i,j)=e), t^jeOrd \G{t,j)^^i], i ^ j G Drd 

define a covariant functor F : Ord — !> Q and a contravariant functor G : Ord — >■ S. Since Q and S are sets, 
by Theorem 10. II these functors must stabilize, i.e. starting from some ordinal number k (which can be chosen 
common for F and G) the morphisms F{i,j) and G{i,j) become isomorphisms. Since in addition the categories 
Q and S are partially ordered classes (and as a corollary, only local identities are isomorphisms there, by 
Proposition 10. ip . we obtain (following Remark lO.ip that diagram (|2.10p is stabilized in the sense that, starting 
from some k, 

— the objects become the same, and the morphisms ej^ become local identities of X'': 

— and the objects become the same and the morphisms /ij„ become local identities of F'^: 
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Now let us consider the diagram 



X 



X' 



-> Y 



(2.11) 



-4- y< 



Here is a strong epimorphism, and /i^ a strong monomorphism. From the equality e\j^-^ = coirrK^'' = Ix^ 
(which holds since the sequence is stabilized for j ^ k) it follows by condition (b) on page [HIl that Lp^ is a 
monomorphism. On the other hand, from the equality /i^^j^ ~ im ip^ = lyt (which holds since the sequence 
fjlj is stabilized for j ^ k) it follows by condition (c) on page 1511 that (p'' is an epimorphism. Thus, ip'^ is a 
bimorphism, hence (j2.11l) is a nodal decomposition for tp. □ 



Connection with the basic decomposition in pre-Abelian categories Let us discuss the obvious anal- 
ogy between nodal decomposition and the decomposition of a morphism 1^9 in a pre-Abelian category K into a 
coimage coim (p, image im (p and a morphism between them which we denote by red ip. 

Recall (see definition in [5] or in [TT]) that pre-Abelian category is an enriched category K over the category Ab 
of Abelian groups, which is finitely complete and has zero object. In such a category every morphism p : X Y 
has a kernel and a cokernel. From this it follows that ip can be represented as a composition 



(2.12) 



Coim ip > \rr\ip 



where the morphism coim = coker(ker </?) is called the coimage of tp, the morphism Imtp = ker(coker(^) the 
image of tp, and the existence and uniqueness of the morphism red p> is proved separately, and we will call it the 
reduced part of ip. 

• The representation of a morphism tp as a, composition (|2.12[) we call the basic decomposition of p. 

It is known (see [SJ Proposition 4.3.6(4)]) that in a pre-Abelian category (in fact, in a category with zero) 
every kernel kenp (and thus, every image im ip) is always a strong monomorphism, and every cokernel cokertp 
(and thus, every coimage coim ip) is a strong epimorphism. As a corollary, we have 

Theorem 2.5. In a pre-Abelian category every basic decomposition is strong. 

This implies that if a category K is Abelian, then every basic decomposition in K is nodal. But if K is not 
Abelian, then these decompositions do not necessarily coincide, see below Example 13.101 
The following two propositions are obvious: 



Proposition 2.4. In a pre-Abelian category for a morphism ip : X 
(i) p is a monomorphism, 

(ii) the zero morphism Oo,x is a kernel for ip: Oo,x = Venp, 
(Hi) the identity morphism Ix is a cokernel for ip: \x — coim(^. 
(iv) coim(y5 is an isomorphism. 
Proposition 2.5. In a pre-Abelian category for a morphism ip : X 
(i) ip is an epimorphism, 

(ii) the zero morphism Qyfl is a cokernel for ip: Oyfl = cokeriy9, 
(Hi) the identity morphism ly is an image for p: ly = \rr\ip, 
(iv) \mip is an isomorphism. 
They imply 



Y the following conditions are equivalent: 



Y the following conditions are equivalent: 
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Proposition 2.6. In a pre-Abelian category K the strong epimorphisms discern monomorphisms and the strong 
monomorphisms discern epimorphisms. 

Proof. Consider the basic decomposition oi ip : X ^Y: 

= im o red 1,5 o coim ip 



li ip : X Y IS, not a monomorphism, then by Proposition 12.41 coim p is not an isomorphism. On the 
other hand, by Proposition 12.51 co\mp is a strong epimorphism. So, if we set p}' = mip o red (p, then in the 
decomposition p = p>' o coim p the morphism coim p is & strong epimorphism, but not an isomorphism. This 
means that strong epimorphisms discern monomorphisms in K. The statement about strong monomorphisms is 
proved similarly. □ 



Proposition 12.61 implies that if a pre-Abelian category K is strongly well-powered and strongly co-well- 
powered, then K has local basic decomposition (defined on page (50]): the map (/,, p, 7) (coim p, red p im p) 
that to each admissible decomposition (t, p, 7) (admissible decompositions were defined on page 150)) of a given 
morphism p assigns the basic decomposition of p, is a local basic decomposition of p. Hence, the sufficient 
condition for existence of nodal decomposition (Theorem 12. 4p becomes more simple: 

Theorem 2.6. // a pre-Abelian category K is strongly well-powered and strongly co-well-powered, then every 
morphism p : X ^ Y in K has nodal decomposition (j2.5p . 



Remark 2.2. From Proposition l2.6l and Diagram (|2.10p it follows that 

— the nodal reduced part red 00 P in diagram (j2.5p can be conceived as a "limit" of transfinite sequence of 
"usual" reduced morphisms </j'+^ = red (p', 

— the nodal coimagc coimoo p is an injective limit of transfinite sequence of "usual" coimages coim p^ of this 
system of morphisms, and 

— the nodal image imoo p is a, projective limit of transfinite sequence of "usual" images im p"^ of this system 
of morphisms. 

Remark 2.3. Since as we already noticed the basic decomposition p = im o red (,5 o coim p is strong, and thus, 
by Proposition 12.21 is subordinated to the nodal decomposition, there must exist unique morphisms a and r 
such that the following diagram is commutative: 

(2.13) 



coim 




Coimoo p 



Imoo P 



Coim p 

At the same time, by Theorem 12. 11 



red <p 



\mp 



for any decomposition p = fio e, where e is an epimorphism, there exists a unique morphism fi' such that 
the following diagram is commutative: 

(2.14) 




Coim p ■ 



red ip 



(in addition, if /i is a monomorphism, then /i' is a monomorphism as well); 
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for any decomposition ip = fi o e, where /i is a monomorphism, there exists a unique morphism e' such 
that the following diagram is commutative: 




Coirrioo ip ■ 



redoo ip 



Coim (fi ■ 



red ip 



\mip 



(2.15) 



(in addition, if e is an epimorphism, then e' is an epimorphism as well); 

in particular, for any factorization (p — ij o e of (p there exist unique morphisms Coim (p M and 
M Im ip such that the following diagram is commutative: 




Coim ip ■ 



red <fi 



\mtp 



(2.16) 



and in addition, e' is an epimorphism, and fj,' a monomorphism. 



(b) Connections with envelopes in Epi and with imprints of Mono 

Nodal decomposition in a category with envelopes in Epi and imprints of Mono. By analogy with 
definitions on p l50l we will say that in a category K 

— epimorphisms discern monomorphisms, if from the fact that a morphism /z is not a monomorphism it 
follows that n can be represented as a composition ji — ^'oe, where e is an epimorphism, which is not an 
isomorphism, 

— monomorphisms discern epimorphisms, if from the fact that a morphism e is not an epimorphism it 
follows that e can be represented as a composition e = /i o e', where /i is a monomorphism, which is not 
an isomorphism. 

Theorem 2.7. Suppose that in a category K 

(a) epimorphisms discern monomorphisms, and, dually, monomorphisms discern epimorphisms, 

(b) every immediate monomorphism is a strong monomorphism, and, dually, every immediate epimorphism 
is a strong epimorphism, 

(c) every object X has an envelope in the category K with respect to any morphism, starting from X , and, 
dually, in every object X there is an imprint of the category K by means of any morphism coming to X . 

Then K is a category with nodal decomposition. 

Proof. Consider a morphism ip : X Y . 

1. Suppose e : X ^ N is an envelope of X with respect to p, and denote by (3 the dashed arrow in (|1.5I) : 

(p ~ (3 o e 
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Note first that /3 is a mononiorphism. Indeed, if /3 is not a monomorphism, tlien by (a), tliere exists a decom- 
position /3 = /?' o TT, wliere tt is an epimorpliism, but not an isomorpliism. If we denote by N' the range of tt, 
then we get a diagram 

X >Y (2.17) 




N >N' 



where by definition e' = tt o e, and this will be is epimorphism, as a composition of two epimorphisms. Thus, e' 
is another extension of X with respect to (p. Hence, there exists a unique morphism v such that the following 
diagram is commutative: 

X 



N i- 



N' 



Here we have: 



TT O e = £ 



voTTos = voe' = e= lN°£ 



V o t: = 1 



N 



and 



V o e = e 



TT o V o e' = n o s = e' = In' ° s' 



n o V = 1 



N' 



I.e. TT must be an isomorphism, and this contradicts our assumption that tt is not an isomorphism. 

2. Similarly one can prove that /3 is an immediate monomorphism. Indeed, any its factorization /? = /?' o tt 
leads again to diagram (j2.17p . and the same reasoning gives that tt is an isomorphism. 

3. The fact that /3 is an immediate monomorphism together with condition (b) imply that /3 is a strong 
monomorphism . 

4. Denote hy fj, : M ^ Y the imprint of X in y by means of morphism ip, and by a the dashed arrow in 
the corresponding diagram (|1.32p . i.e. 

ip = fio a 

Using the dual reasoning to what we used when proving that /? is a strong monomorphism, one can show that 
a is a strong epimorphism. 

5. Consider now a diagram 



X 



Y 




M 



N 



As we already understood, here a is an epimorphism, hence a is an extension of X with respect to if. At the 
same time s is an envelope of X with respect to ip. Hence there exists a morphism v such that the following 
diagram is commutative: 

X 




M 



-> N 



As a corollary, the following diagram is commutative as well: 



X 



M 



Y 




(2.18) 



N 
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Similarly, /? is a monomorphism, so it is a domain of influence of in K by means of Lp. At the same time, ^ is 
an imprint of the category K in the object Y by means of morphism Lp. Hence, there exists a morphism v' such 
that the following diagram is commutative: 




-¥ N 



M 



As a corollary, the following diagram is commutative as well: 



X 



M 



Y 




^ N 



From ((2l8)) and ([SJO]) we have: 



13 o V o a = ip = P o v' o a 



Mono Epi 

I.e. the following diagram is commutative: 



Epi 




(2.19) 



Here e = w o a is an epimorphism, hence v is an epimorphism as well. On the other hand, /i = /3 o u is a 
monomorphism, so w is a monomorphism as well. Thus, u is a bimorphism, and ip — l3ovoa\sa nodal 
decomposition of Lp. □ 



Envelopes in Epi and imprints of Mono in a category virith nodal decomposition. 

Theorem 2.8. Let ip : X ^ Y be a morphism in a category K with nodal decomposition. Then 

(i) the epimorphism Emax in the maximal factorization ip ~ /imax ° Emax of p is an envelope of the object X 
in K with respect to the morphism ip: 



env^ X = Emax = redoo o coitrioo H^, 



EnV;p X = IrPoo 



(2.20) 



(ii) the monomorphism /imin vf^ the minimal factorization ip = /imin °£min of the morphism ip is an imprint of 
K on the object Y by means of the morphism ip: 



imp Y = /imin = imoo f o redoo <P, 



Imp Y = Coimoc <p 



(2.21) 



Proof. Since (i) and (ii) are dual to each other, it is sufficient to prove (i). The epimorphism e,nax = redoo ^ ° 
coimoo f is an extension of X with respect to p, due to the diagram 

red^ c^ocoim^o (p 
X !■ \moaip 



(2.22) 



2. NODAL DECOMPOSITION AND ITS RELATIONS WITH ENVELOPES AND IMPRINTS 



59 



Let a : X N he another extension of X with respect to (p: 

X > N 




Then, since a is an epimorphism, by Theorem 12.11 there exists a morphism v' : N ^ Imoo'P such that the 
foUowing diagram is commutative: 




which shows that v' is the required morphism v from (ll.6p . □ 
Theorem 2.9. Let K be a category with nodal decomposition, then 

(a) if K is a category with finite products (respectively, with products over arbitrary index sets), then any object 
X has an envelope in K with respect to an arbitrary finite (respectively, to an arbitrary) set of morphisms 
<P, among which there is at least one going from X , and 

(b) if K is a category with finite coproducts (respectively, with coproducts over arbitrary index sets), then on 
any object X there is an imprint ofK by means of an arbitrary finite (respectively, of an arbitrary) set of 
morphisms <P, among which there is at least one coming to X. 

Proof. Due to duahty, it is sufficient here to prove (a). 

1. Consider first the case, when K is a category with finite products. Let X be an object and <P a finite set 
of morphisms. Clearly, it is sufficient to set off a subset (l>x ~ {tp : X ^ Y^p] ip € va. ^ which consists of 
the morphisms going from X, 

ip ^(Px ■^^=> (p <E<I' & Dom{ip) = X. 

Then the envelope with respect to ^ is the same as the envelope with respect to (l>x- Consider the product 
of objects riipG'J'x ^^'^ corresponding product of morphisms Oi^gifx V • ^ ~^ Ili^e^x ^v- envelope 
of X with respect to the set of morphisms <l^x is exactly the envelope of X with respect just one morphism 
ni^e<fx Then we apply Theorem 12.81 

2. Let now K be a category with products over arbitrary (not necessarily finite) index set. Then the previous 
reasonings are valid for the case when the set is not necessarily finite. □ 

Theorem 2.10. Let K be a category with nodal decomposition, then 

(a) if K is a category with products (over arbitrary index sets), then every its object X has an envelope in K 
with respect to arbitrary class of morphisms (P, which contains at least one morphism, going from X , and 
is generated on the inside by some subset of morphisms, and 

(b) if K is a category with coproducts (over arbitrary index sets), then in any its object X there exists the 
imprint of K by means of arbitrary class of morphisms <I>, which contains at least one morphism, coming 
to X , and is generated on the outside by some subset of morphisms. 
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Proof. Again, due to the duality it is sufficient to prove (a). Let C <P he a, subset (not just a class) which 
generates <P on the inside. By Theorem l2.91 every object X has envelope with respect to 'P. On the other hand, 
by (|1.14|1 this envelope coincides with the envelope with respect to ^. □ 

Theorem 2.11. Let K be a category with nodal decomposition, then 

(a) if K is a co-well-powered category with products (over arbitrary index sets), then any object X has an 
envelope in K with respect to an arbitrary class of morphisms among which there is at least one going 
from X , and 

(b) if K is a well-powered category with finite coproducts (over arbitrary index sets), then on any object X 
there is an imprint of K by means of an arbitrary class of morphisms (P, among which there is at least one 
coming to X. 

Proof. Again, due to duality, it is sufficient here to prove (a) . Let K be a category with products (over arbitrary 
index sets), A an object of K, and a class of morphisms in K. The idea of proof is to replace the class ^ by a 
set of morphism M, such that the envelope with respect to is the same as with respect to M. 
Again, like in Theorem 12.91 we can think that consists of morphisms going from X: 

V(p (E<P Dom(i^) X. 

For each ip ^ <P consider a morphism = redoo f ° coirrioo (p : X ^ Irrioo 'P- Let us show that the class can be 
replaced by the class of morphisms {e^; ip d (P}. 

Indeed, suppose cr : X — >■ X' is an extension of X with respect to morphisms {e,p; cp iz <P}. Then in the 
diagram 



X >X 




the existence of morphism e', for which the upper little triangle is commutative, implies the existence of 
morphism cp' , for which the lower right little triangle is commutative, and since the last (left) little triangle is 
commutative (being diagram (j4.24p ). we conclude that the big triangle (the perimeter) is commutative as well. 
Hence, a : X ^ X' is a.n extension of X with respect to morphisms <P. 

Conversely, suppose that ct : X — > X' is an extension of X with respect to <P. Then for any pj ^ (p there 
exists a morphism p' such that in the diagram 



X >X' 




the big triangle (perimeter) is commutative. The lower left little triangle here is commutative as well due to 
(|4.24p . hence the following quadrangle is also commutative: 

X >X' 




Irrioo <P / 
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Here a is an epimorphism and itrioo a strong monomorphism (since this is a monomorphism in a strong 
decomposition of (p). Thus, there exists a diagonal e': 




Here, in particular, the upper triangle is commutative, and, since this is true for any ip E (p, this means that 
(7 : X — X' is an extension of X with respect to morphisms {e^; ip E (!>}. 

Now we see that in the definition of envelope by diagram (|1.6p the morphisms p and a are extensions with 
respect to 'P if and only if they are extension with respect to {e^; e As a corollary, the envelope with 
respect to <P is the same as the envelope with respect to {e^; ip & (p}. 

Thus, we replaced the class 'P by the class {e^; (p G (l>}. Now we recall that all morphisms are epimor- 
phisms, and, since our category is co-well-powered, we can find a set M such that every epimorphism is 
isomorphic to some epimorphism e G M, i.e. e^p — l o e for some isomorphism t. The set M now replaces the 
class {Sip; (p E <!>} (and thus, a class as well). □ 

Theorem 2.12. Let K be a category with the nodal decomposition, then 

(a) if K is a co-well-powered category with products (over arbitrary index set), then every object X in K has 
an envelope in every class Q which contains the class Bim of all bimorphisms, 



n D Bim, 



with respect to arbitrary right ideal of morphisms <I>, which differs morphisms on the outside and has 
at least one morphism going from X , and the envelope of X in Q with respect to <P coincides with the 
envelopes in Bim and in Epi with respect to <P: 

env£ X = envl™ X = em^f X. 



(b) if K is a well-powered category with coproducts (over arbitrary index sets), then in every object X in K 
there is an imprint of arbitrary class Q which contains the class Bim of all bimorphisms, 

f2 D Bim, 

by means of an arbitrary left ideal of morphisms <P which differs morphisms on the inside and contains at 
least one morphism coming to X , and the imprint in X of the class Q by means of the class <P coincides 
with the envelopes of the classes Bim and IVlono by means of<l>: 

■ V ;, Bim Mono 

imp^ X = imp^ A = imp^ X. 



Proof. We prove (a). By Theorem 12.111 there exists the envelope em^' X. By Theorem II. 2^ ) this envelope is 
a monomorphism, and thus, a bimorphism: env^'^' X G Bim. Hence, by property l°(c) on p |20l the envelope in 
Epi must be an envelope in Bim: em^' X — env|"^ X. Now by Theorem 11.31 the envelope in Bim must be an 
envelope in fi: env|''" X = envf X. □ 



Nets and functorial properties of envelopes in Epi and of imprints of IVlono. The following result 
(together with Lemma 12.61 below) is a modification of Lemma 11.11 for categories with nodal decomposition. 

Lemma 2.2. Suppose K is a category with nodal decomposition, a covariant (or contravariant) system 

there, and {p* : X X^; i G 1} a projective cone from a given object X into {X'', ij}. If there is a projective 
limit p = limp' : X — \\mX^, then in its maximal factorization p — pmax ° Emax the epimorphism emax is an 
envelope of X in the class Epi of all epimorphisms with respect to the system of morphisms {p*;i € /}.' 



^"^{p'; iei} ^ = ^raax = redoo ^p' o coimoo faip'. 



(2.23) 
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Proof. By definition of projective limit each morphism has a continuation at \imX^. The restriction of 
TT^ at ItTioo p, i.e. the composition = o irrioo p is a continuation of p' at Irrioo p along Sma.x- 




(2.24) 



This continuation is unique since emax is an epimorphism, and we can conclude, that the morphism Emax 
is an extension of X with respect to the system {p*}. The other reasoning repeat the step 2 in the proof of 
Lemma 11.11 □ 

An analog of Theorems 11.131 and 1 1 . 1 41 for categories with nodal decomposition is the following: 

Theorem 2.13. Suppose that in a category K with nodal decomposition there is a net of epimorphisms J\f , which 
generates on the inside a class of morphisms <P: 



A/" C ^ C Mor(K) oJ\f. 



Then 



(a) for each object X in K a morphism redoo Um A/^y o coirrioo l^m Afx is an envelope env^'^' X in the class Ep 
of all epimorphisms in K with respect to the class <1>: 



redoo lim A/jf o coitTioo lim A/jc = env^'" X, 



(2.25) 



(h) for each morphism a : X ^ Y in K and for each choice of envelopes env^'^' A and env^'^' y there is a 
unique morphism env^'" a : Env^*" X Env^'^' Y inK such that the following diagram is commutative: 



X- 



Y 



envS" Y 



Env|P' X 



^Envf'Y 



(2.26) 



(c) if in addition the category K is co-well-powered or strongly well-powered, then the correspondence (A, a) ^ 
(Env^'^' A, env^'^' a) can be defined as a functor from K into K: 



en\/J"{l3 o a) — em J" (3 o env^'^' a. 



(2.27) 



Proof. We follow here the proof of Theorem 11.131 but the difference is that, first, the reference to Lemma [1.11 
must be replaced by reference to Lemma [2.21 And, second, since equality lim Mx — Env^'" Y is not valid here, 
the dotted arrow in diagram (I2.26P is constructed in a little bit more complicated way. At the beginning we add 
diagram (jl.56l) with the decomposition of the limits ^m A/"x and ^m A/y to the components that are important 



for us: 



Urn J\fx 





7- Env^"" A = Irrioo lim A/jc 



Env^'^' Y = Irrioo ^mA/i 



itTio^ lim Nx 




Urn My 
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After that we put ^ = a^v o itrioo lim J\fx and we obtain a diagram 

> EnvJ^ X ~ Irrioc limTVx 



X 



Y 



-)■ Env^'" Y = Irrioo UmA/y- 



Here the upper horizontal arrow, env^'^' X, is an epimorphism, and the second lower horizontal arrow, irrioo ^m A/y, 
is a strong monomorphism. So there must exist a morphism ^' such that the following diagram is commutative: 



X 



Y 



-> Envi'^' A = Irrioo limTVjf 



->• Env,!,'^' Y — Irrioo lim Ay 



and this will be the vertical arrow we need in (|2.26p . 

Finally, third, if we want to define the correspondence X ^ Env^.'^' A = Irrioo l^m A/"x as a map, we must 
require that K is strongly well-powered (and then the passage from Xj^ to its subobject Irrico l^mA/x can be 
defined as a map by means of choice axiom) , or we must require that K is co- well-powered (and then the passage 
from A to its quotient object redoo limA/jf o coirrioo limA/x can be again defined as a map by means of choice 
axiom). At the same time, (|2.27p witflrold since the ^dotted arrow in (|2.26p is unique. □ 

The dual results for imprints look as follows: 

Lemma 2.3. Let K he a category with nodal decomposition, {A*,t^} a covariant (or contravariant) system in 
K, and {p* : A* — > A; i G /} an infective cone from {A*,t^} into a given object X. If there is an injective 
limit p = limp* : A — lin^A*, then in its maximal factorization p = /^max o Smax the monomorphism /^,nax is an 
imprint of the class Epi in the object X by means of the class of all monomorphisms with respect to the system 
of morphisms {p*; i £ /}.• 



= irrioo lim o redoo Ihxi p*. 



lmp^™°,g,}A = Coimoolimp' 



(2.28) 



Theorem 2.14. Suppose that in an injectively complete category with nodal decomposition K there is a net of 
monomorphisms J\f , which generates on the outside a class of morphisms <1>: 



TV C ^ C A/'o Mor(K). 



Then 



(a) for each object X inK the morphism irrioo lu^Afx ° redoo lin^Afx is an imprint imp^°"° A of the class Mono 
of all monomorphisms in K by means of the class <P: 



irrioo hrn A/jf o redoo liniA/x 



■ „IVlono 

imp<f, 



A, 



(2.29) 



(b) for each morphism a : X ^ Y in K end for each choice of imprints imp^°"° A and imp<|,°"°y there is a 
unique morphism imp^°"° a : lmp^°"° A — )■ lmp^°"° Y inK such that the following diagram is commutative: 



X^ 



' X 



lmp<j, A 



(2.30) 



Yi ^:!^^|mpr° 



Y 



(c) if in addition K is well-powered or strongly co-well-powered, then the correspondence (A, a) i— (lmp^°"° A, imp^°"° a) 
can be defined as a functor from K into K; 



imp^ 



1 



X 



1 



lmp"™°X> 



imp<|, 



■ „Mono p „ :, Mono „ 

imp^ /?oimp^ a. 



(2.31) 
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Partial functorial property of envelopes in Epi and imprints of Mono in categories with nodal 
decomposition. It is instructive to finish the discussion of relations between envelopes, imprints and nodal 
decomposition by the observation that in the categories with nodal decomposition the envelopes and imprints 
have some weakened functorial properties. The following two theorems supplement what we already told about 
this. 

• Let us say that a class of morphisms <P in a. category K is 

— dense on the outside, if for any object X of this category there is a morphism ip £ <P, going from X: 

VX e Ob(K) 3ifie<P Dom (p = X, 

— dense on the inside, if for any object X of this category there is a morphism tp £ <P, coming to X: 

e Ob(K) 3tpe^ Ranip^X. 

Let us denote by K^p' the subcategory in K with the same objects as in K, but with epimorphisms of K as 
morphisms: 

Ob(K^P') = Ob(K), Mor(K^P') = Epi(K). 

Theorem 2.15. Suppose K is a co-well-powered category with nodal decomposition and with products (over 
arbitrary index sets). And let <P he a dense on the outside class of morphisms in K satisfying the following 
condition: 

(i) for each epimorphism e the class <P o s — {tp o e; (p E is contained in (l>: 

o e C 

Then 

(a) every object X in K has envelope Em^X in K with respect to the class of morphisms ^, 

(b) for any epimorphism e : X ^ Y in K there exists a unique morphism env^, e : Env<g X — s> Env,j Y such that 
the following diagram is commutative: 

X '"^^ ) Env<f X (2.32) 

I 

I env<f. £ 

env<f, Y 

Y > Env<g Y 

(c) the correspondence {X,e) (Env^*" X, env^*" e) can be defined as a covariant functor from K^p' into K^p'; 

env|P' Ix = Ig^^Epi^, envlfVoe) = env|P'7roenv|P'e, e,7reEpi(K). 

For proof we need the following 

Lemma 2.4. If K is a co-well-powered category with nodal decomposition and with products (over arbitrary 
index sets), then for any class of objects L, for any class of morphisms <P and for any epimorphism e : X Y 
the following equality holds: 

Env^„,X = Env^y (2.33) 

(i.e. the envelope of X in L with respect to (p o e — {ip o e; ip E coincides with the envelope of Y in L with 
respect to <P). 

Proof. By property 3° on page HTJ there exists a morphism v such that (|1.12p is commutative: 



Let us show that an inverse morphism also exists. Consider the envelope env^ Y : Y ^ Env^ Y , and let us 
represent it as an envelope with respect to a set of morphisms M , like in the proof of Theorem 12.111 After 
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that, like in the proof of Theorem 12. 9[ let us replace the set M by a unique morphism ip — JI^gm ^- Then by 
Theorem 12. 8[ the envelope with respect to ijj coincides with the nodal image of this morphism: 



We obtain a diagram 



Env^ Y = Em\j Y = Env^ Y = Im^ V- 




envi, Yoe 



env^y 



Irrioo ^ 



IITloo W 



(Voe)' 




where the existence of the morphism 5 follows from the fact that env^^' X is an epimorphism, and irriooV' is a 



strong monomorphism (and thus, the rectangle (jp o e)' o env^,^'^ X ~ irrioo ° (^nv^ Yoe) can be divided into 
two triangles). So we obtain 5 such that 




It remains to verify that v and 5 are mutually inverse. First, 

8 ov o env^ Y o e = 5 o env^^^ X = env^ Y o e ^ lEnv"- y ° env^, Yoe 



5 o V = 1 



Epi 



m 
Epi 



And, second. 



V o 5 o env^„^ X = v o em\ Y o e = env^^^ X = \ 



m 
Epi 



_ X o env^„^ X 



Epi 



' o (5 = Ip 



□ 



Proof of Theorem \2.15\ The proposition (a) follows from Theorem 12. Ill (c) - from (b) and from the fact that 
K is co-well-powered, so we must prove only (b). By Lemma [2.41 Envg.F — Envg.oeX, and by 1° on page [20l 
when we pass to the narrower class of morphisms ^ o e C ^ a dashed arrow appears in the upper triangle of the 
diagram 



env<f X 




Y 



env^ Yoe 



env<j, Y 



Envj, Y 



This is the required arrow in (|2.32p . 



□ 



To formulate the dual result let us denote by k'^°"° the subcategory in K with the same objects as in K, but 
with monomorphism from K as morphisms: 



Ob(K""°"°) Ob(K), Mor(K 



Mono\ 



1ono(K). 



Theorem 2.16. Suppose K is a well-powered category with nodal decomposition and with coproducts (over 
arbitrary index sets). And let <P be a dense on the inside class of morphisms in K satisfying the following 
condition: 
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(i) for any monomorphism fi the class o (j) = o (p; if Cz 'P} is contained in <P: 
Then 

(a) in any object X in K there is the imprint \mp^ X of K by means of the class of objects <P, 

(h) for any monomorphism ii : X Y inK there is a unique morphism \vr\p^ fi : \vr\p^ X — >■ Imp^ y such that 
the following diagram is commutative: 



X 



X 



Y 



\mp^X 

I 



(2.34) 



(c) the correspondence {X,fi) i— >■ (lmp^°"° X, imp<j,°"° can be defined as a covariant functor from K '^° into 



/■Mono , 



Mono -i -t 



imp^°"°(i^ o /i) = imp^'™° o imp^'°"° n, e Mono(K) 



,Mono 



Mono 



In its proof the following lemma dual to Lemma 12.41 is used: 

Lemma 2.5. If K is is a well-powered category with nodal decomposition and with coproducts (over arbitrary 
index sets), then for any class of objects h, for any class of morphisms <P and for any monomorphism fi : X -f^ Y 
the following equality holds: 

lmp;:„^X = Env^,r (2.35) 

(i.e. the imprint of h in X by means of fi o <l> — o ip; if E <P} coincides with the imprint of L in Y by means 
of CP). 



(c) Connections with envelopes in SEpi and with imprints of SMono 
Nodal decomposition in a category with envelopes in SEpi and imprints of SMono. 
Theorem 2.17. Suppose that in a category K 

(a) strong epimorphisms discern monomorphisms and strong monomorphisms discern epimorphisms (in the 
sense of definitions on v \50]) . 

(b) each object X has an envelope in the class SEpi of all strong epimorphisms with respect to an arbitrary 
morphism that goes from X , and, dually, in each object X there is an imprint of the class SIVlono of all 
strong monomorphisms by means of an arbitrary morphisms that comes to X . 

Then K is a category with nodal decomposition. 

Proof. Take a morphism ip : X ^ Y . 

1. By condition (b), there is an envelope env^^P' X : X ^ Env^^"" X of the object X in the class SEpi of all 
strong epimorphisms with respect to the morphism ip. Denote by a the morphism that continues p at Env^^'^' X: 




2. Similarly by (b) there is an imprint imp^'^°"°y : lmp^'^°"°y ^ F of the class SMono of aU strong 



monomorphisms in the object Y by means of ip. Denote by /? the morphism that lifts ip to \mp^°"° X 
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3. Pasting these triangles together by the common side if, and throwing away this side, we obtain a 
quadrangle: 



X 



Here env^^P' X is a strong epimorphism, and imp^'^°"° Y a monomorphism, so there is a diagonal 5 



X 



„SEpi 



X 



Env!^P' X 



(2.36) 



Let us show that 5 is a bimorphism. 

4. Suppose first that 5 is not a monomorphism. Then, since the strong epimorphisms discern monomorphisms 
(by (a)), there is a decomposition 6 ^ 5' o where e is a strong epimorphism, which is not an isomorphism. As 
a corollary, the following diagram is commutative: 




We see here that the composition imp^'^°"° Y o 5' is a continuation of ip along e o env^^P' X, which in its turn 
is a strong epimorphism (as a comopsition of two strong epimorphisms). This means that e o env^^P' X is an 
extension of X in the class SEpi with respect to morphism Lp. Hence, there is a morphism v from the extension 
M to the envelope Env^^P'X, such that diagram (|1.6I) is commutative: 




We have now voeo env^^P' X = env^^P' X = 1m o env^^P' X, and, since env^^P' X is an epimorphism, this implies 
the equality v o e = Ijv/, which means that e is a coretraction. On the other hand, this is an epimorphism, and 
together this means that e must be an isomorphism. This contradicts to the choice of e. 

5. Thus, 5 must be a monomorphism. By analogy we prove that this is an epimorphism. Let us now add (f 
to Diagram (|2.36p and twist it as follows: 




EnvS/P'x >lmpSEP'r 

We see now that ip — imp^^°"° Y o 6 o env^^P' X is a nodal decomposition of (p. □ 

Envelopes in SEpi and imprints of SMono in a category w^ith nodal decomposition. 
Theorem 2.18. Suppose ip : X ^ Y is a morphism in a category K with nodal decomposition. Then 
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(i) its nodal coimage co\vr\,^ip is an envelope of X in the class SEpi of all strong epimorphisms with respect 
to the morphism ip: 



env; 



COItTloo 



Env^^P' X = Coirrioo (f 



(2.37) 



(ii) its nodal image irtioo is an imprint of the class SMono of all strong monomorphisms in Y by means of 
the morphism ip: 



imp^°"°y-imoo<^, 



I Mono -\r I 

Imp Y = \moo'P 



(2.38) 



Proof. Due to duality between (i) and (ii) it is sufficient to prove (i). Since coimoo e SEpi, the morphism 
coirTioo : X Coirrioo f can be treated as an extension of X in the class SEpi with respect to ip: 



X 



coirrioo ^ 



-> Coirrioo 




Y 



Suppose a : X ^ X' is another extension: 



X 



^x' 




Y 

Let us put it into the diagram of nodal decomposition for Lp: 




coirrioc 



Since a is an epimorphism, by (|2.6|) there is a morphism v' such that the following diagram is commutative: 

X \Y 




CoitTloo P > ItTloo P 

Further, in the quadrangle v' o a = redoo ° coirrioo <^ the morphism cr is a strong epimorphism, and redoo H> a 
monomorphism, so there exists a (unique) diagonal v. 




Coimoo (/J s- Imoo ^ 

Here the left little triangle is a variant of diagram p.6p with p = coirrioo 'P- 



□ 



Of the following three theorems the first two are proved exactly like Theorems 12.91 and 12.101 and the proof 
of the third one is a little modification of that one of Theorem 12.111 
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Theorem 2.19. Suppose K is a category with nodal decomposition, then 

(a) if K is a category with finite products (respectively, with products over arbitrary index sets), then each 
object X in K has an envelope in the class SEpi of all strong epimorphisms with respect to arbitrary finite 
(respectively, to arbitrary, not necessarily finite) set of morphisms <P, among which there is at least one 
going from X , and 

(b) if K is a category with finite co-products ( respectively, with co-products over arbitrary index sets ), then 
in each object X in K there is an imprint of the class SMono of all strong monomorphisms by means of 
arbitrary finite ( respectively, of arbitrary, not necessarily finite ) set of morphisms (p, among which there 
is at least one coming to X. 

Theorem 2.20. Suppose K is a category with nodal decomposition, then 

(a) if K is a category with products (over arbitrary index sets), then each object X in K has an envelope in the 
class SEpi of all strong epimorphisms with respect to arbitrary class of morphisms which has at least 
one going to X , and contains a set of morphisms that generates <!> on the inside, and 

(b) if K is a category with co-products (over arbitrary index sets), then in each object X in K there is an 
imprint of the class SMono of all strong monomorphisms by means of arbitrary class of morphisms (P, 
which has at least one coming to X , and contains a set of morphisms that generates on the outside. 

Theorem 2.21. Suppose K is a category with nodal decomposition, then 

(a) if K is a co-well-powered category with products (over arbitrary index sets), then each object X in K has 
an envelope in the class SEpi of all strong epimorphisms with respect to arbitrary class of morphisms (P, 
among which there is at least one going from X , and 

(b) ifK is a well-powered category with co-products (over arbitrary index sets), then in each object X inK there 
is an imprint of the class SMono of all strong monomorphisms by means of arbitrary class of morphisms 
<P, among which there is at least one coming to X. 



Proof. The difference with the proof of Theorem 12.111 is that the morphisms ip € (p are replaced by morphisms 
coimoo (fi : X ^ CoitTioo <P- If cr : X 
then in the diagram 

^X' 



X' is an extension of X with respect to morphisms {coimoo 'fi', <y5 £ 
X 




the existence of the morphism e' such that the upper left triangle is commutative, implies the existence of the 
morphism ip' such that the right lower triangle is commutative, and, since the rest little triangle (the lower left) 
is commutative, being diagram (|4.24p . we conclude that the big triangle (perimeter) is also commutative. Thus, 
a : X X' is a,n extension of X with respect to "P. 

On the contrary, if cr : X X' is an extension of X with respect to morphisms <P, then for each ip ^ <P there 
is a morphism ip' such that in the diagram 




the big triangle (perimeter) is commutative. The lower left little triangle here is also commutative, by (j4.24L 
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hence the quadrangle 




\ 



Coirrioo f 



is also commutative. Here cr is a strong epimorphism, and itrioo ° redoo ip a mononiorphism (as a composition 
of two monomorphisms). Hence, there exists (and is unique, since a is an epimorphism) a diagonal e': 




1^ 

Coirrioo V3 



/ I 

V 



In particular, the upper triangle is commutative, and, since this is true for each Lp ^ <1>, this means that 
(7 : X — X' is an extension of X with respect to morphism {coirrioo f ^ 

We obtain that in the definition of the envelope by diagram (11.61) the morphisms p and a belong to the class 
of extensions with respect to ^ if an only if they belong to class of extensions with respect to {coirrioo f 
We conclude that the envelope with respect to <!> is the same as the envelope with respect to {coimoo <^ € ^}. 

Thus, we replaced the class with the class {coirrioo f]^p£ Now we must recall that all the morphisms 
coirrioo V' *re strong epimorphisms, and since our category is co- well-powered, we can find a set M among them, 
such that any epimorphism coirrioo is isomorphic to some epimorphism e G M . The set M now replaces the 
class {coirrioo 'P\ G ^} (and thus, the class and further we apply Theorem 12. 191 □ 



Nets and the functorial properties of envelopes in SEpi and of imprints of SMono. The following 
result (together with Lemma l2. 21 above) is a modification of Lemma 1 1 . 1 1 for categories with nodal decomposition. 

Lemma 2.6. Suppose K is a category with nodal decomposition, {X^^ij} a covariant (or contravariant) system 
there, and {p* : X — )• X*; i £ 1} a projective cone from a given object X into {X^, ij}. If there is a projective 
limit p — limp* : X — > limX', then its strong coimage coirrioo P is an envelope of X in the class SEpi of all 
strong epimorphisms with respect to the system of morphisms {p^',i G /}.' 

envJ^P; X = coimoo limp\ Env^^f.' ^^^j X = Coimoo Innp' (2.39) 

Proof. By definition of projective limit, each morphism p' has a continuation tt^ at limX^. The restriction of 
at Imoo p, i-e. the composition = tt^ o imoo p ° red QQ p is B, coiitinucitioii of Bit Coimoo p B-loiig coirrioo P- 




(2.40) 



This continuation is unique since coimoo P is an epimorphism, and we can conclude that the morphism 
coimoo p is an extension of X with respect to the system {p*}. The rest reasoning repeat step 2 of the proof of 
Lemma 11.11 □ 

The following fact is proved by analogy with Theorem 12. 131 

Theorem 2.22. Suppose in a category K with nodal decomposition there is a net of epimorphisms M , which 
generates on the inside a class of morphisms <P: 

J\f C$ C IVlor(K) o TV. 

Then 



2. NODAL DECOMPOSITION AND ITS RELATIONS WITH ENVELOPES AND IMPRINTS 



71 



(a) for each object X in K the morphism coitTioo limMx is an envelope em^^^' X in the class SEpi of strong 
epimorphisms in K with respect to the class <P: 

coirtioo l^m A/"x = env^f''' X, 



(2.41) 



(b) for each morphism a : X ^ Y in K and for each choice of envelopes Env|5'" ^ o.'f^d Env^,'^'" Y there is a 



unique morphism env^^'^' a : Env^^'^' X — > Env^^'^' Y in K such that the following diagram is commutative: 



X 



Y 



Emf"' X 



4- 

Envl^P' Y 



(2.42) 



(c) if in addition the category K is well-powered or strongly co-well-powered, then the correspondence {X,a) i-^ 

SEpi V SE 



(Env^^'^' X, erw/^'" a) can be defined as a covariant functor from K into K; 



env|^'"(^ o a) = envj"'" ^ o env^ 



SEpi 



SEpi 



(2.43) 



Proof. Here the difference with the proof of Theorem 12.131 is in details of constructing the dotted arrow in 
(|2.42|) . We need, first, to add diagram (jl.56p with the decompositions of hmits limA/x and limA/V as follows: 



Um J\fx 



X 



Y . 




env^^'" X— coirricxD limA/x 



env^^"" Y— coim-x; liniA/V 



Env^, X = Coirrioo ^niA/x 



Env|^^' Y = Coirrioo ^niA/i 



lim Afx o fed oo lini TVx 



irricxsUniA/Vo redro UniA/V 




After that we put ^ = a^f o irrioo l^rnAfx o redco l^m Afx , and we obtain the diagram 



X 



Y 



env^^"" 1^— coirrioo UniA/V 



Envi^P' X = Irrioo limAfx 




Here the upper horizontal arrow, erw/^'" X — coirrioo hniA/jf, is a strong epimorphism, and the second lower 
horizontal arrow, irrioo l^m A/y o redoo l^mA/y , is a monomorphism. Hence there must exist a morphism ^' such 
that the following diagram is commutative: 



' x= 



X 



Y 



, limAGc 



env|f'" V— coirrioo UmA/V 



Envf"' X = lmoo^A6f 



1^ 
4- 



¥ Envi^P'y = ImooliniAA 




and this will be the missing vertical arrow in (I2.42p . 

Besides this, when constructing the functor a env^^'" a, in contrast to Theorem 12.131 we must require 
that K is well-powered (and then the passage from the object X_\f to the subobject inioo limA/y o redoo lim A/y 
can be organized as a map with the help of the choice axiom), or that K is stronngly co- well-powered (and then 
the passage from X to the quotient object Coirrioo ^mA/"x can be organized as a map, again with the help of 
the choice axiom). And (|2.43p will be true because of the uniqueness of the doted arrow in (j2.42p . □ 
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The dual propositions are the fohowing. 

Lemma 2.7. Let K be a category with nodal decomposition, a covariant (or contravariant) system in 

K, and : X 4— X''; i £ /} and injective cone from into a given object X. If there is an injective 

limit p = lim p' : X \\mX^ , then its nodal image itrioo p is an imprint in X of the class SMono of all strong 
monomorphisms by means of the system of morphisms {p^;i G /}.■ 

imP{p.°7e/} X - imoo \imp\ lmpf^,°"°e/} X = lm«, limp* (2.44) 

Theorem 2.23. Suppose in a category K with nodal decomposition there is a net J\f which generates on the 
outside a class of morphisms <P: 

Af C<PCj\fo Mor(K). 

Then 

(a) for each object X in K the morphism irrioo YivciMx is an imprint imp|,'^°"°X of the class SMono of strong 
monomorphisms of the category K by means of the class of morphisms <P: 

imoo Ij^Afx = imp|"°"° X, (2.45) 

(b) for each morphism a : X Y in K and for each choice of imprints \mp^°"° X and \mp^°"°Y there 
is a unique r 
commutative: 



is a unique morphism imp|'^°"°Q! : \mp^°"° X — > imp|'^°"°y in K such that the following diagram is 



X< impf°"°X (2.46) 



; SMono V ^ 

Yi imp|"°"°y 

(c) if in addition K is co-well-powered or strongly well-powered, then the correspondence {X,a) i— ^ 
'° X,\mp^°"° a) can be defined as a covariant functor from K into K; 

:™«SMono -1 -i :™«SMono/ o „ „ \ -, SMono /j „ ■, SMono „ /'0/1'7^ 

imp^ Ix = l|mp|"°"°Js:j 'rnP* (poa) = imp^, p o \mp^ a. (2-47) 

Partial functorial property of envelopes in SEpi and imprints in SMono in the categories with nodal 
decomposition. The following results are analogous to Theorems 12.151 and 12.161 

Theorem 2.24. Suppose K is a strongly co-well-powered category with nodal decomposition, and with products 
(over arbitrary index set). Let <P be a dense on the outside class of morphisms in K such that 

(i) for each epimorphism e the class <!> o e — o £] ip ^ <P} is contained in 

<P o e C (l>. 



Then 



(a) each object X inK has an envelope Env|f'" X in the class SEpi of all strong epimorphisms with respect to 
the class <P, 

(b) for each epimorphism e : X Y in K there is a unique morphism env|^'" e : Envl^"" X Env^^*" Y such 
that the following diagram is commutative: 

X > Envl^P' X (2.48) 

I 

I SEpi 

I env^ £ 

SEpi 

env^ Y c[=„: 

Y > Envl^P' Y 

(c) the correspondence {X,£) i— > (Env^^'^' X, env^f*" e) can be defined as a covariant functor from K^p' into K^p'; 

env|^P' Ix = Iehv^^i^^'X' envl^^'^^ ° e) = env|^P' tt o env|^P' e, e,7re Epi(K). 
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This is proved by the same reasoning as in the proof of Theorem I2.15[ but Lemma 12.41 must be replaced by 
the fohowing one: 

Lemma 2.8. If K is a strongly co-well-powered category with products (over arbitrary index sets), then for each 
class of morphisms <P and for each epimorphism e : X ^ Y in K 



(2.49) 



(i.e. the envelope of X in SEpi with respect to the class <P o e — {ip o e; ip G coincides with the envelope ofY 
in SEpi with respect to <I>). 



Proof. Here one must fohow the proof of Lemma 12.41 with the exception of the moment where the existence of 
morphism 5 is proved. The corrections are the fohowing. We consider the envelope env|f Y -.Y ^ Env|f Y . 
Like in Lemma 12.41 we have to represent it as an envelope with respect to some set of morphisms M (the 
trick used in the proof of Theorem 12. lip , and then (like in the proof of Theorem 12. 9p we replace the set M by 
the unique morphism tp = Y\x^mX- Then by Theorem 12.181 the envelope with respect to ■0 will be the nodal 
coimage of this morphism; 

Envl^P' Y = Env^^P' Y = Env^^P' Y = Qo\m^ V- 

After that a diagram appears 



X 



SEpi 




env . Yoe 



Env<j, Y = Coirrioo 1/' 



(l/.0£) 



B 



Here the existence of the morphism 5 follows from the fact that env^.^^' X is a strong epimorphism, and itrioo ■0 ° 
redoo ■(/' a monomorphism (and thus the quadrangle {ip o e)' o env^^P' X = (itrioo "0 ° redoo 0) ° (env^^P' Foe) can 
be splitted into triangles) . After that we repeat the reasoning of proof of Lemma 12.41 □ 

The dual result is the following: 

Theorem 2.25. Suppose K is a strongly well-powered category with nodal decomposition, and co-products (over 
arbitrary index sets). Let $ be a dense on the inside class of morphisms in K such that 

(i) for each monomorphism the class iJ, o <P — o ip; tp ^ <P} is contained in <P: 

^ o ^ C ^. 

Then 

(a) in each object X ofK there is an imprint \rr\p^°"° X of the class SMono of all monomorphisms by means 
of the class of morphisms 

(b) for each monomorphism fi : X Y in K there is a unique morphism \mp^°"° fi : lmp|'^°"°A" ^ 
\mp^°"° Y such that the following diagram is commutative: 



X 



Y 



' X 



. i„„SMono Y 

> Imp^ X 



> Impj' 



I :r,i.^SM. 
1. 

SMono 



4- 



Y 



(2.50) 



(c) the correspondence {X,^) i-^ (lmp|'^°"° AT, imp|'^°"° /i) can be defined as a covariant functor from k'^°"° 
into K^°"°: 



■ „SMono 1 



l|mp|"°"°X: 



SMono/ \ ■ biviono ■ if 

imp| (i/ o ^) = imp|. i^oimpj 



SMo 



,SMono 



e Mono(K). 
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And the corresponding dual lemma looks as follows: 

Lemma 2.9. IfK is a strongly well-powered category with nodal decomposition and co-products (over arbitrary 
index sets), then for each class of morphisms <P and for each monomorphism fi : X <— Y in K the following 
formula holds: 

\, SMono ir«.,SMono -lA /o c-i\ 

Imp^o^ X = Lnv^ Y (^-51) 

(the imprint of SMono in X by means of the class of morphisms fj, o (l> = {fi o ip- ip £ (l>} coincides with the 
imprint o/ SMono in Y with respect to the class <P). 

§ 3 The category of stereotype spaces Ste 

Stereotype spaces were considered in P] (see also [3 ) and are defined as follows. Let X be a locally convex space 
over C. Denote by X* the space of all linear continuous functionals f : X ^ C endowed with the topology of 
uniform convergence on totally bounded sets in X. Then X is said to be stereotype, if the natural map 

\x:X^{x*r I \x{x}{f) = f{x), xex,fex* 

is an isomorphism of locally convex spaces. The class of stereotype spaces Ste is very wide, since it contains 
all quasicomplete barreled spaces (in particular, all Banach and all Frechet spaces). Besides this, Ste forms 
a category (with linear continuous maps as morphisms). It was noticed in Wi that this category is complete. 
Moreover, since the passage to the injective and projective limits in Ste (as well as in the category LCS of locaally 
convex spaces) is described as a standard operation (a map which assigns to each covariant or contravariant 
system its injective and projective limits), we come to the following proposition: 

Theorem 3.1. The category Ste of stereotype spaces is determined. 

(a) Variations of openness and closure of morphisms 
Open and closed morphisms. 

• Let ua say that a linear continuous map of locally convex spaces ip : X ^ Y is open, if the image (p(U) of 
any neighborhood of zero U C X is a. neighborhood of zero in the subspace (p{X) of Y (with the topology 
inherited from Y): 

yu e u{x) 3v e u[Y) ipiu) D ip{x) n V. 

Certainly, it is sufHcient here to claim that U is open and absolutely convex. By the obvious formula 

ip{X)nV = ip(^ip-\V)), VCY, (3.1) 

(valid for any map of sets ip : X ^ Y and for any subset VCY), this condition can be rewritten as 
follows: 

yu eu{x) 3VeuiY) (p{u) 2 (p(^ip-Hv)y 

In the stereotype theory the following property is dual. 

• Let us say that a linear continuous map of stereotype spaces ip : X ^ Y is closed, if it is a covering onto its 
closed image, i.e. for any compact set S C ip{X) C Y there is a compact set T C X such that S C (p{T). 
Certainly, this means in particular that the set of values fiX) of (p must be closed in Y. 

Theorem 3.2. For a morphism of stereotype spaces ip : X Y the following conditions are equivalent: 

(i) the map (p : X ^ Y is open; 

(a) the map tp* : Y* — > X* is closed. 

Proo f 1. (i) =^(ii). Let ip : X Y he open. Take a compact set S e BK{^*{Y*)), i.e. S € BK{X*) and 
S C ip*(Y*). Its polar U — °S is a neighborhood of zero in X, hence from the openness of (p it follows that 
there exists a neighborhood of zero V S BU{Y) such that (p{U) 3 'p{X) Ci V. Its polar T = V° must be an 
absolutely convex compact in Y. Let us show that S C ip*{T). 

We have to take an arbitrary functional f € S and to show that there exists g € T such that / = ip*{g). 
Since S C ip*(Y*) = '51(3.2)] = </?"^(0)-^, we have that (p'^iO) C /-^(O). Thus / can be represented as a 
composition 

f = hoip. 



i 3. THE CATEGORY OF STEREOTYPE SPACES STE 75 



where ft, is a (uniquely defined) functional on f{X) (its continuity must be checked). We have: 
1 ^ sup \f{x)\ = sup \h{(p{x)) I sup \h{y)\ ^ sup \h{y)\ . 

That is, the functional h is bounded by identity on the intersection of the unit ball V of the seminorm p{y) = 
inf{A > : y E X ■ V} = sup^g^ \9{y)\ with the subspace '^{X), where h is defined. Or, in other words, the 
functional h is subordinated to the seminorm p on the subspace f{X). By the Hahn-Banach theorem this means 
that h can be extended to a linear continuous functional g G y*, which is also subordinated to the seminorm 
p, and, as a corollary, g lies in V° = T: 



h = g 

Since on the set ip{X) the functionals h and g coincide, we have 

f = ho(p ^ g o(p ^ ip*{g), g€T. 

2. (ii)=>(i). On the contrary, suppose (p* : Y* X* is closed. Take an open and absolutely convex 
neighborhood of zero U in X. The set U + (/3~^(0) is also a neighborhood of zero in X, hence its polar 
S = {U -\- <f~^{Qy)° is compact in X* . From the condition 

</?"^(0) C [/ + (^-i(0) 



it follows that S is contained in Lp*{Y*): 

feS=iU + ip-'{0)r =^ / £^-1(0)^=2,(3.2)]=^^ 



Since if* is a covering onto its image ip*{Y*), there is a compact set T <ZY* such that 

5 = ^*(r). 

For the neighborhood of zero V = {y gY : sup^g^- \9{y)\ < 1} in the space Y we have: 

yeip{U) ^ y e ip{U + ^-\0)) 3x eU + ip-\0) y^ipix) ^ 

II 

{x e X : sup^gs |/(x)| < 1} 

<J=> 3x e X y = (p(x) & sup |/(a;)| < 1 ^=^ 3x £ X y = ip{x) k sup |/(a;)| < 1 

<;=4' 3x e X 2/ = f{x) & sup |(p*((7)(a;)| = \g(ip{x)) I < 1 ^=^ 

geT 

G X y = (^(x) & sup |g(2/)| < 1 y e (p{X) k y £ V y G (y5(X) n F 

That is (p{U) = ip(X) f) V, and thus, ip must be open. □ 

Weakly open and weakly closed morphisms. The following two conditions are weakening of openness 
and closure. 

• Let us say that a linear continuous map of stereotype spaces (p : X ^Y is 

— weakly open, if the image ip{U) of each X'^-weak neighborhood of zero C/ C X is a Y'^-weak neigh- 
borhood of zero in the subspace (p{X) of Y (with the topology inherited from Y): 

WUeU{x^) 3VeU{Y^) ip{U)Dip{x)nv 

(here X^ denote the space X with the X*-weak topology, and the same for 1^); certainly, it is 
sufficient here to claim that U is X*-weakly open and absolutely convex, and V is arbitrary (not 
necessarily y*-weak) neighborhood of zero in Y; 

— weakly closed, if it is a surjection onto its closed image; equivalently, the set ^{X) of values of the 
map if must be closed in Y: 

vix)"^ = ^{X). 

Proposition 3.1. For a morphism of stereotype spaces (p : X ^ Y 
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— if if is open, then if is weakly open, 

— if if is closed, then if is weakly closed. 

Proof. The second part of this proposition is obvious, and we aheady noticed this when defining closed mor- 
phisms. So the first part is of interest here. Note, that it is sufficient to assume that X and Y are just locahy 
convex spaces. Suppose : X ^ Y is an open map, and let us prove that it is weakly open. Let us assume 
first that ip : X -^Y \s surjective: f{X) — Y . Take a X*-weak and absolutely convex neighborhood of zero U 
in X, i.e. U G U{X) and its kernel KerJ7 = nA>o ^ ' ^ finite codimension in X. Then if p is open, then 
the image </?([/) of t/ is a neighborhood of zero in Y, and its kernel Ker(^(J7) = nA>o ''^ ' = Lp{KerU) has 

finite dimension in Y (since a surjective operator turns a subspace of finite codimension into a subspace of finite 
codimension). Hence, <f{U) is a F'^-weak neighborhood of zero in Y . 

Let now ip{X) ^Y . If ip is open, then as we already understood the image ^{11) of any X*-weak absolutely 
convex neighborhood of zero t/ in X is a (/?(X)*-weak neighborhood of zero in ip{X) (of course, we endow (p{X) 
with the topology inherited from Y). By the Hahn-Banach theorem each functional / € <p{X)* can be extended 
to a functional g G Y* , so the weak topology on p3{X) generated by functionals from p{X)* is the same as the 
weak topology generated by functionals from Y* . □ 

Theorem 3.3. For a morphism of stereotype spaces ip : X ^ Y the following conditions are equivalent: 

(i) the map p is weakly open; 

(a) the map p>* : Y* — > X* is weakly closed. 

Proof 1. Suppose p is weakly closed. Take a functional / e p*{Y*) = \T, (3.2)] = p-'^{0)^. Since p>^^{0) C 
/~^(0), we can represent this functional as a composition 

f = hoip, 

where h is a (uniquely defined) linear functional on (p{X) (its continuity requires verification). Note that p? 
turns the polar U — {x G X : \f{x)\ ^ 1} = °/ of the functional / into the polar of the functional h: 

p{U) = {y e p{X) : \hiy)\^l} = °h. 

Indeed, 



y e (p{U) <;=4> 3x e U y ^ p{x) ^==^ 3x e X y ^ p{x) k \f{x)\ i^l ■<=^ 

<^ 3xeX y ^ p}{x) k \h{p{x))\ 1 

^ 3xeX y = ^(x) k \h{y)\ 1 ^ y e ^{X) k \h{y)\ 1 

Since the functional / is continuous on X, its polar U ~ {x G X : \f{x)\ ^ f } = °/ is an X*-weak neighborhood 
of zero in X . On the other hand, p is weakly open, hence there exists an y*-weak neighborhood of zero V in 
Y such that 

°h = p{u) D p{x) n V. 

Thus, the functional h is bounded on some neighborhood of zero p{X) n y in p{X). This means that it is 
continuous on p{X), and therefore we can extend it by the Hahn-Banach theorem to some continuous linear 
functional g on Y. The functionals g and h coincide on the set p{X), so we have 

f ^hop^gop = p*{g), geY*. 

This proves the closure of p*{Y*) in X*. 

2. Conversely, suppose that p*{Y*) is closed in X*. Let us first take a functional / € X* and show that 
its polar U = {x G X : \f{x)\ ^ 1} = °/ is turned by the map p into some neighborhood of zero in p{X). 
Note that if p~^{0) ^ /~^(0), then p{U) = p(X), and the situation becomes trivial. So only the case when 
p~^(0) C /^^(O) is of interest. We can rewrite this inclusion as follows: 

/ G (^-1(0))^' = L2,(3.2)] =^^= (^^)' = {p*iY*)Y 

(the last equality follows from the fact that p*{Y*) is closed in X*). In particular this means that there exists 
a functional h <E Y* such that 

/ = = hop. 
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The same reasoning as in the first part of this proof shows that the polar V ^ {y E Y : \h\ ^ 1} — ° h has the 
following property: 

ifiu) = ifix) n V. 

Let now U be an arbitrary X'^-weak absolutely convex neighborhood of zero in X. The set U = U + Lp^^{0) is 
also an X*-weak absolutely convex neighborhood of zero in X, and in addition 

The second equality here implies that U contains a polar ° {fi, fk} of some finite sequence of functionals 
fi G X* such that ip-\0) C /"^(O). Put a, = ° fi, then as we already proved, there exists a y'^-weak 
neighborhood of zero Vi in Y such that (p{Ui) — (p[X) n Vi. So we can set V — Vi{^ ...C\ Vk, and this will be an 
y*-weak neighborhood of zero in Y, and we obtain 

^(U) = ip{u) D ip{Ui n ... n Uk) = ^(Vi) n ... n ^(Vk) = ^(x) nVin ... r\Vk = ^(x) n v. 

□ 

• If a map ip : X ^ Y is injective and weakly open, then we call it a weak embedding. 
From Theorem 13.31 we have 

Corollary 3.1. A morphism of .stereotype spaces fi : X Y is a weak embedding <==^ its dual morphism 
fi* : Y* X* is a surjective map. 

Relatively open and relatively closed morphisms. Another weakening of openness and closure of mor- 
phisms is the following. 

• We say that a linear continuous map of stereotype spaces ip : X ^Y is 

— relatively open, if for each neighborhood of zero U in X (without loss of generality we may assume 
that U is closed and absolutely convex) such that every functional / G X* bounded on U can be 
extended along the map ip to some functional g G Y* , 

V/gX* (sup|/(x)| < ^ =^ ^g^Y* f = go^), (3.2) 

its image (p(C/) is a neighborhood of zero in the subspace 'p)(X') of the locally convex space Y (with 
the topology inherited from Y): 

ip{u) DVnipix) 

for some neighborhood of zero V in Y] 

— relatively closed, if for each absolutely convex compact set T C y, if T contains in ip{X), then there 
is a compact set S* C X such that T C (p{S). 

The following is obvious: 

Proposition 3.2. For a morphism of stereotype spaces (p : X ^ Y 

— if ip is open, then ip is relatively open, 

— if ip is closed, then (p is relatively closed. 

Theorem 3.4. For a morphism of .stereotype spaces ip : X ^ Y the following conditions are equivalent: 

(i) the map (p is relatively open; 

(a) the dual map ip* : Y* — > X* is relatively closed. 

Proof. 1. (i)=>(ii). Let tp be relatively open, and T be an absolutely convex compact set in X*, which in 
addition is contained in (p*{Y*), i.e. 

V/gT 3.9 gF* / = ^*(.g)=.go^. (3.3) 
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For the polar U ~ °T this means that the condition p.2p holds, and, since U is a neighborhood of zero in X, 
the image (p{U) must be a neighborhood of zero in the subspace (p{X) of the locally convex space Y (with the 
topology inherited from Y). Thus, there exists an absolutely convex neighborhood of zero VinY such that 

ip{u) D vnip{x). 

Let us put S = V° and show that T C ip*{S), i.e. 

V/ G C/° 3heV° f = (p*{h) = hoip. (3.4) 

Indeed, take f E T = U° . Then by (|3.3p we can find g G Y* such that f ~ g o ip. The restriction of this 

functional g on the subspace (p{X) is bounded on the neighborhood of zero V fl f{X): 

sup |ff(y)| s$ sup |5(?/)| sup |5((/7(a;))| = sup |/(a;)| 1. 

This means that the functional sl^^^) is subordinated (on the subspace <^(^)) to the seminorm 

piy) = inf{A > : yeX-V}. 
By the Hahn-Banach theorem we can extend sj^jj^^ to some functional h on Y subordinated to p: 

\h{y)\^p{y), yeY 

From the first condition here we can conclude that sup^gy |^(y)| ^ ^^\^yev Piv) ^ 1' i-^- h ^ V° — S. And 
from the second, that h{(p{x)) = g{ip{x)) = f{x). Together this means (13.41) . 

2. (i)<^=(ii). Conversely, suppose ip* : Y* X* is relatively closed, and C/ is a closed absolutely convex 
neighborhood of zero in X satisfying (j3.2l) . Its polar T = U° is an absolutely convex compact in X*, and the 
condition p.2p is equivalent to the condition p.3|) . This in its turn means the inclusion T C (p^iY*), and since 
(fi* is relatively closed, there exists an absolutely convex compact set S C Y* such that 

T C (p*{S). 

Therefore, 

(^*(5))° = (^")-i(5°) 

(in the equality we use the standard formula, see. e.g. 031 2.3] or [2] (3.1)]). Passing from X** and Y** to X 
and Y , we have 

We can take now a neighborhood of zero V — °S in Y, and we obtain: 

U2ip-\V) =^ w(U) D w(w-^(V)) = (l-Q) = i£>(X) n V. 
That is what we need. □ 
• Let us call a morphism of stereotype spaces ip : X ^ Y 

— a relative embedding, if it is injective and relatively open, 

— a relative covering, if it is relatively closed and </3(^) is dense in Y . 

Theorem 13.41 implies 

Corollary 3.2. A morphism of stereotype spaces fi : X ^ Y is a relative embedding its dual morphism 
H* : Y* — > X* is a relative covering. 

Connections between the three variations of openness and closure. Propositions 13.11 and 13.21 can be 

strengthened as follows. 

Theorem 3.5. For a morphism of stereotype spaces if : X ^ Y 

(a) (p is open p is weakly open and relatively open; 

(b) ip is closed ip is weakly closed and relatively closed. 

Proof. Certainly, (a) and (b) are dual to each other, so it is sufficient to prove (b). The implication is 
already sated in propositions 13.11 and 13.21 so we need to consider the inverse implication. If (p is weakly closed 
and relatively closed, then the first property means that p{X) = (p{X), and the second, that every absolutely 
convex compact set T C ip{X) is an image of some compact set S* C X under the map ip. These statements 
together mean that T can be chosen in ipiX), and the same will be true for it. This means that ip is closed. □ 
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(b) Subspaces 

• Let y be a subset in a stereotype space X endowed with the structure of stereotype space in such a way 
that the set-theoretic enclosure Y C X becomes a morphism of stereotype spaces (i.e. a hnear continuous 
map). Then the stereotype space Y is called a subspace of the stereotype space X, and the set-theoretic 
enclosure a : Y C_ X its representing monomorphism. The record 

Y C^X 

or 

X pY 

will mean that y is a subspace of the stereotype space X. If in addition we write 

Y ^ X 

then this means that the stereotype spaces Y and X coincide not only as sets but also with their algebraic 
and topological structure. 

• The system of subspaces of a stereotype space X will be denoted by the symbol Sub{X). 

Proposition 3.3. For a morphism ii : Z ^ X in the category Ste of stereotype spaces the following conditions 
are equivalent: 

(i) fi is a monomorphism, 

(a) there exists a subspace Y in X with the representing monomorphism a : Y CLfX and an isomorphism 
9 : Z ^ Y of stereotype spaces such that the following diagram is commutative: 

Z 

^ X 
Y 

Corollary 3.3. For any stereotype space X the system Sub{X) of its subspaces is a system of subobjects in X 
(in the sense of definition on page\^. 

Certainly, for a stereotype space P the relation Q is a partial order on the set Sub(P) of subspaces of P. 

Immediate subspaces. 

• Suppose we have a sequence of two subspaces 

Z qY qX, 

and the enclosure Z CfY is a bimorphism of stereotype spaces, i.e. apart from the other requirements, Z 
is dense in Y (with respect to the topology of Y): 

r = Y 

Then we will say that the subspace y is a mediator for the subspace Z in the space X. 

• We call a subspace Z of a stereotype space X an immediate subspace in X , if it has no non-isomorphic 
mediators, i.e. for any mediator y in X the corresponding enclosure Z Q y is an isomorphism. In this 
case we use the record Z CiX: 

ZC^X <^ Vy [{z (Z,Y C^X k Z^ =Y^ =^ Z = Y 

Remark 3.1. In the category of locally convex spaces LCS the same construction gives a widely used object: 
immediate subspaces in a locally convex space X are exactly closed subspaces in X with the topology inherited 
from X. Below in Examples 13.21 and 13.31 we will see that in the category Ste of stereotype spaces the situation 
becomes sufficiently more complicated. 
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Recall that immediate monomorphisms were defined on page 1131 
Proposition 3.4. For a morphism fi : Z ^ X in the category Ste the following conditions are equivalent: 
(i) ^ is an immediate monomorphism, 

(ii) there exists an immediate suhspace Y of X with a representing monomorphism a : Y X and an 
isomorphism : Z ^ Y such that the following diagram is commutative 




Y^ 



The subspaces Y and the morphism 6 here are uniquely defined by Z and fi. 

Proof. The implication (i)<;=(ii) is obvious, so we need to prove only (i)=>(ii). Put Y = IJ-{Z), and denote by 
9 : Z ^ Y the co-restriction of fi on Y , i.e. 6 is the same map as /i but it is assumed that 6 acts from Z into Y . 
Since /i is injective, 6 is bijective. Let us endow Y by the topology under which 9 is an isomorphism of locally 
convex spaces. Then Y becomes a subspace of X , since for any neighborhood of zero U in X its inverse image 
li~^{U) must be a neighborhood of zero in Z, and thus the set Y DU = 9{fi^^{U)) must be a neighborhood of 
zero in y. □ 



Proposition 3.5. For an immediate subspace Y of a stereotype space X with a representing monomorphism 
(J :Y ^ X the following conditions are equivalent: 

(i) a is a closed map, 

(ii) (7 is a weakly closed map, 

(Hi) Y as a set is a closed subspace in the locally convex space X, and the topology of Y is a pseudo saturation 
of the topology inherited from X . 



• If the conditions (i)-(iii) of this proposition are fulfilled, then we say that the immediate subspace Y of 
the space X is closed. 

Proof. 1. The implication (i)=4>(ii) is a special case of the common situation stated in Proposition 13. II 

2. Let us prove (ii)=>(iii). Let cr : F C X be a weakly closed map, i.e. F as a set is closed in X. Denote 
by E the space Y with the topology inherited from X. Clearly, Y is continuously embedded into E, and, since 
Y is pseudosaturated, this enclosure preserves its continuity after passage from E to its pseudosaturation E'^ 
(we use here the reasoning stated in Diagram [2t (1.26)]). Thus, we obtain a sequence of subspaces 

Y QE" C:,X, 

and, since Y and E^ coincide as sets, the first of these monomorphisms is a bimorphism. Hence, E^ is a 
mediator for Y , and we obtain that Y = E^. 

3. The implication (iii)=>(i) follows from the fact the pseudosaturation does not change the system of 
totally bounded subsets. □ 

The following example is due to O. G. Smolyanov [31] and was mentioned in [2] (as Example 3.22). We will 
use it later as an important technical result: 

Example 3.1. There exists a complete locally convex space E (and thus, i? is a locally convex projective 
limit of Banach spaces) such that its dual space E* is metrizable, but not complete. As a corollary, E is not 
pseudosaturated, and there exists a discontinuous linear functional f : E ^ C, which is continuous under the 
topology of pseudosaturation E''. 



^In 2 Theorem 4.14, which is equivalent to Proposition 13.51 here, and the more general Theorem 11.7, contain an inaccuracy: 
the requirement of closure of cr is omitted there. 
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Proof. This is the space E = Y^ from Example [SJ 3.22]. It is complete, since it is a closed subspace in the 
complete space Z* = V*(U.). On the other hand, by Lemma of annihilator Lemma 2.18], E* = X* /E^ = 
Z/Y, and the last space in this sequence is metrizable, but not complete. Thus, 

E* ^ {E*y, 

and we can extend this to the chain 

E* ^ {E*y = % Theorem 3.14] = (£;^)*, 

which means that there exists a functional / £ {E^)* \ E* . (It is sufficient here that E is pseudocomplete, while 
i?* is not pseudocomplete.) □ 

Example 3.2. There exists a stereotype space P with a closed immediate subspace Q, which topology is not 
inherited from P, and, moreover, some continuous functionals g € Q* cannot be continuously extended on P 
(in the formal language this means that the representing monomorphism Q P is closed, but not a weakly 
open map). 

Proof. Consider the space E from Example 13. II It is complete, so it can be represented as a complete subspace 
in some stereotype space P with the topology inherited from P (for example, one can take as P the direct 
product of all Banach quotient spaces E/F of E). The space Q = E^ is the one with the required properties. 
Indeed, it is closed in P, since E is closed in P. On the other hand, the functional / : Q — C, described in 
Example 13. 11 is continuous on Q = but it cannot be continuously extended to P, since otherwise it would 
be continuous on P. □ 

Example 3.3. There exists a stereotype space X with an immediate subspace Z, which is not closed as a subset 
in X. Hence the enclosure Z £ X is not a weakly closed morphism in the sense of definition on page [7S] (in 
particular, the enclosure Z <Z X is not isomorphic in Mono(X) to a kernel of some other morphism ip : X ^ A 
in Ste). 

Proof. Let E and / be the space and the functional from Example 13.11 Consider the kernel F = {x € 
E^ : f{x) — 0} of /, and endow F with the topology inherited from E^ (as a locally convex space P is a 
closed subspace in P'^). By [5J Proposition 3.19], P^ is complete, hence P is also complete, and again by [31 
Proposition 3.19], its pseudosaturation Z = F^ must be complete. In addition, Z = F^ is pseudosaturated, 
and thus, stereotype. Note then, that since P is complete, it can be represented (as a locally convex space) as a 
closed subspace in a direct product X of some Banach space (in such a way that the topology of P is inherited 
from X). We will show that Z is an immediate subspace, but not a closed set in X. 

First let us show that Z is not closed in X. As a set Z coincides with P, which is dense in P (in the topology 
of P, which is inherited from X). Hence, 

Z^ ^F^ = E ^ F = Z 



(here means closure in X, as we settled on page [3]). Now let us show that Z is an immediate subspace in 
X. Let y be a mediator oi Z in X: 

Z CY CX 

From the fact that Z is dense in Y we obtain the following chain 

r=Y 

y"" = Z'' =Z''=E 

r c P. 

This is an enclosure of sets. Note now that since F is a subspace in X, the topology of Y must majorate the 
topology inherited from X, or, what is the same, the topology inherited from P. That is why the enclosure 
y C P is continuous, and therefore y is a subspace in P. This implies that the pseudosaturation of Y must be 
a subspace in the pseudosaturation of P, and, since Y is pseudosaturated, we obtain a continuous enclosure: 



Y = Y'^ C P^. 
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Thus, y is a subspace in £'^. 

Let us now forget about X and consider the following chain of subspaces: 

Z <^Y (ZE^. 

From the fact that Z is a dense subspace in Y we obtain a new logical chain: 

a- 

Y CF. 

Again this is an enclosure of sets. Then we note that since F is a subspace in E'^ , the topology of Y must 
majorate the topology inherited from iJ^, or, what is the same, the topology inherited from F. Thus the 
enclosure y C F is continuous, and, as a corollary, F is a subspace in F. This implies that the pseudosaturation 
of Y must be a subspace in the pseudosaturation of F, and, since Y is pseudosaturated, we obtain a continuous 
enclosure: 

Y ^Y"' C F^ ^ Z. 

Thus, y is a subspace in F"^ = Z. On the other hand, from the very beginning Z was a subspace in Y. Hence, 
Z = Y. □ 

Envelope Env^ M of a set M of elements in a space X. Theorem l3.23l which we will prove later, justifies 
the following definition. 

• The envelope of a set M C X in a stereotype space X is a subspace in X, denoted by Env^ M or by 
EnvM, and defined as the projective limit in the category Ste 

Env-^ M = Env M = Ste- lim E.^ (3.6) 

of a contravariant system {Ei] i £ Ord} of subspaces in X, indexed by ordinal numbers and defined by 
the following inductive rules: 

0) the space Eq is defined as the pseudosaturation of the closure of linear span Span M of the set M in 
the space X: 



Eq = (^Span A/ 

1) suppose that for some ordinal number j e Drd all the spaces {Ef, i < j} are already defined, then 
the space Ej is defined as follows: 

— if j is an isolated ordinal number, i.e. j = i + 1 for some i, then Ej = is defined as the 

pseudosaturation of the closure of linear span Span M of the set M in the space Ei: 



-Ei 



Ej = Fj+i = (^SpanM 

if j is a limit ordinal number, i.e. j ^ i + 1 for any i, then Ej is defined as the projective limit 
in the category Ste of the net {Ei] i — > j}: 

Ej — lim Ei , 

- this means that as a set Ej is the intersection of the spaces {Ei] i j}, 

and the topology in Ej is the weakest stereotype locally convex topology, under which all the 
enclosures Ej C Ei are continuous. 
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Since the transfinite sequence {Ef, i e Ord} cannot be an injective map from the class of aU ordinal 
numbers Ord to the set Sub{X) of all subspaces of a stereotype space X, it must stabilize, i.e. after some 
number k G Ord all the spaces Ei must coincide (with their topologies) : 

\^l^k Ei^Ek. (3.7) 

This implies that the contravariant system {Ef, i G Ord} indeed has a projective limit, and this is exactly 
the subspace Ek in X. 

Example 3.4. If a set M is total in X, then its envelope coincides with X: 



SpanAf =X =^ Env M = X 
tX „ . ,. „ —x\ ^ 



Proof. The equality Span A/ = X implies i?o = (^Span Af j = X, and after that all the spaces Ei become 
equal to X 

X = Eq = El ~ ... 

Hence, EnvA/ = X. □ 

Example 3.5. If a set Af forms a closed subspace in X (as in a locally convex space), then its envelope coincides 
with the pseudosaturation of M with respect to the topology inherited from X: 



SpanAf =M =^ EnvAf = Af^ 



Proof. From Span = M we have Eq = (^Span M^^ " =M'', then Ei = (^Span M^°^ ^ = Af ^ = £^0, and all 
the other spaces Ei coincide with Eq. Thus, EnvA/ = Eq ^ M^. □ 

Theorem 3.6. The envelope Em^ M of each set M C X is an immediate subspace in X , containing M as a 
total subset: ^ 

M C Env^ M q X, Span a/"" = Env^ Af . (3.8) 

Proof. 1. First let us verify that Af is total in Env'^ Af . Suppose k is an ordinal number after which the sequence 
{Ei; i G Ord} is stabilized, i.e. p.7p holds. Then Env Af = Ek, and if it turned out that Af is not total in E^, 
then we would have a contradiction with (j3.7p : 

TEk 



=SpanAf ^Ek. 

2. Let us show that EnvAf is an immediate subspace in X. Suppose y is a subspace in X such that 

Env Af C y C X, 

and EnvAf is dense in Y. Since, as we already understood. Span Af is dense in EnvAf, we have 



-Y 



y = SpanAf . (3.9) 

Now by induction we have that Y is continuously embedded into each Ei: 
0) for i = we have a chain 



YqX =^ y = dSH) = Span Af' Q Span Af^ =^ y = y^ Q (^Span Af ^ j = Eq. 

1) suppose that we proved Y Q Ei for all i less that some j, then 

— if j is an isolated ordinal number, i.e. j ^ i + 1 for some i, then 



Y qE^ => Y = (EH) = Span Af ' Q Span Af ^' =^ y = y^ C (Span Af ^* ) = Ei+i = E. 



if j is a limit ordinal number, then from the continuous enclosures Y Ei for i < j we obtain a 
continuous enclosure of locally convex spaces 

y QLCS-limf;,, 
and this implies a continuous enclosure of stereotype spaces 

y = q fLCS-lim/;,A = Ste-llm/;, = Ej. 
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From the fact that Y is continuously embedded into each Ei we obtain a continuous enclosure Y Q EnvAf. 
Together with the initial enclosure EnvAf qY this means the equality EnvAf = Y (with topologies). □ 

The following theorem shows that in an immediate subspace the topology is automatically defined by the 
set of its elements: 

Theorem 3.7. Every subspace Y in a stereotype space X is a subspace in its envelope Env^ Y 

Y qX => rqEnv-^r, (3.10) 

and Y is an immediate subspace in X iff it coincide (with the topologies) with its envelope in X : 

YQX ^ y = Env^r. (3.11) 

Proof. The continuity of the enclosure Y Q Env^ Y is proved by induction: 
0) at the zero step we have a continuous enclosure of locally convex spaces 

tX —X 



FQSpanF ^Y 
which implies a continuous enclosure of stereotype spaces 

Y^Y^C (y^'Y =E^, 



1) suppose that the continuous enclosure Y C Ei is proved for all i less than some j, then 

— if j is an isolated ordinal number, i.e. j = j + 1 for some i, then we obtain a continuous enclosure of 
locally convex spaces 

Y C SpanY^' = F^' , 
which implies a continuous enclosure of stereotype spaces 

A 



Y ^Y 



— if J is a limit ordinal number, then from the continuous enclosures Y <Z Ei for all i < j we obtain a 
continuous enclosure of locally convex spaces 

Y C LCS-lim£;j, 

which implies a continuous enclosure of stereotype spaces 

Y ^Y^ C (^LCS-lim E,^ = Ste-lim E, = Ej. 

Let us now consider a special case when Y is an immediate subspace in X. Then by Theorem 13.61 Y is dense 
in Env Y, hence in the chain of enclosures 

Y CEmY C X 

the second space is a mediator. Therefore, it coincides with the first one: Y = EnvF. □ 

Corollary 3.4. The representing monomorphism a :Y C^X of an immediate subspace Y in a stereotype space 
X is always relatively closed. 

Proof. This follows from the fact that in the chain of spaces {Ei} (which defines Env'^ Y = Y) the passage from 
the bigger space Ei to the smaller one the system of compact sets in Ei+i is inherited from Ei. □ 

Theorem 3.8. If (p :Y ^ X is a morphism of stereotype spaces, turning a set N CY into a set M C X , 

ip{N) C M, 



then ip continuously maps Env^ N into Env"^ Af .■ 



Y >X 



En\t^ N - - ^ Env-^ M 
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In the special cases: 

YQX] 

Ul Ul ^ Env^ TV Q Env^ M, (3.12) 

NCMj 

Y qx] 

Ul Ul I =^ Env'^ iV q Env^ M, (3.13) 
N CM) 

Y qx] 

Ul Ul i =4> Env'^ M = Env^ M. (3.14) 
N ^ M) 

Proof. Take a morphism ip : Y ^ X of stereotype spaces turning a set N CY into a set M C X, (fi{N) C M. 
If by {Fi; i £ Ord} and {Ei; i G Ord} we denote the sequences of subspaces in Y and X, which define EnviV 
and Env M respectively, 

Env N ^l^F,, Env M = 1^ E„ 
then we can prove by induction, that for each i the map ip continuously maps Fi into Ei, 

f ■■ F,^E,, 

and this implies that continuously maps Env N into Env M, 

: EnvTV ^ EnvM. 

Let us now observe the special cases. 

1. If TV C M and F qX, then we consider the sequences [Fi] i G Ord} and {Ef, i G Ord} of subspaces in 
X, which define Env'^ N and Env^ M. By induction we obtain an enclosure of subspaces Fi Cl^Ei for each i, 
and this gives the enclosure Env'''^ N q Env'^ M. 

2. Suppose that N C M and Y QX. Then, by implication ((XT^ we already proved, Env^ N q EnV^ M. 
Let us show that in this enclosure Env^ N is an immediate subspace in Env'^ M. Let Z he a mediator for 
Env'*' N in Env"^ M: 

2' 

Env'^ N qZ Q Env-^ M, Env^ N = Z. 

Consider the envelope Env'^(y U Z) of the set Y U Z in. the space X. We can include it into a diagram (where 
all the arrows are theoretic set enclosures, which are continuous maps): 

Y > Env-^(r U Z) > X 



Env'' N y Z > Em^ M 

By Theorem 13.61 N is total in Env^ N, which in its turn ia total in Z (since Z is a mediator). Hence, N is total 
in Z. On the other hand, N C Y, hence Y is dense in Z (in the topology of Z, and thus in the topology of X 
as well). From this we have that Y is dense in the subset Y U Z oi the space X, and again by Theorem 13.61 Y 
is dense in Env^(y U Z). 

This means that Env^(y UZ) is a mediator for Y in the space X: 

y q Env^ (y U Z) q X, Y^""^ ^''''^^ = Env^ {Y U Z). 

The condition Y C^X implies the equality of stereotype spaces Y = Env'^(y U Z). This in its turn implies that 
Z qY, i.e. Z is a mediator for Env^ N in Y: 



Env'^iVqZqy, Env*^ = Z. 

By TheoremlSil Env^ N is an immediate subspace in Y, so we obtain an equality of stereotype spaces Env^ N = 
Z. 

3. Suppose that N = M C y qX. Then by property p.l3p which we already proved, 

Env'^ M q Env^ M. 
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On the other hand by property (I3.12p which has aheady been proved as weU, the chain M CYc^X imphes 

Env^ M q Env-^ Y = (l3lT|) = Y 

Together this gives a chain 

Env^ M q Env-^M QY. 

By Theorem 13.61 the set M is total in Env'^ M, hence the space Env^ AI is total in Env'^ M. Thus, Env'^ M is 
a mediator in this chain, and we obtain the equality Env^ M = Env^ M. □ 

Theorem 3.9. The envelope Env^ M of any set M <Z X is a minimal subspace among all the immediate 
subspaces in X, which contain M, and in each of those immediate subspaces Y C2,X the space Env^ M is an 
immediate subspace: 

VF {AI(ZYa,X => Env^Mq^y (3.15) 

Proof. 

Env-^ M ^ Env^ M q r. 

□ 

Proposition 3.6. IfYc^X and Z G^X, then the condition Z C_ Y implies Z C^Y . In a special case, when 
y qX and Z qX, the condition Z CY implies Z C^Y. 

Proof MYa,X,ZQX,Z<ZY, then 

Z q Env-^ Z ^ Env^ Z q Y. 

EY a,X, Z QX, Z CY, then 

Z = Env Z = Env Z Y. 

□ 

(c) Quotient spaces 

• Let X be a stereotype space, and 

1) in X as in a locally convex space we take a closed subspace E, 

2) on the quotient space X/E we consider an arbitrary locally convex topology r, which is majorated 
by the natural quotient topology of X/E, 

3) in the completion {X/EY of the locally convex space X/ E with the topology r we take a subspace Y , 
which contains X/E and is a stereotype space with respect to the topology inherited from [X/EY . 

Then we call the stereotype space Y a quotient space of the stereotype space X, and the composition 
V — a o Ti oi the quotient map tt : X — > X/E and the natural enclosure a : X/E Y \s called the 
representing epimorphism of the quotient space Y . The record 

Y ^,X 

or the record 

X:^Y 

will mean that F is a quotient space of the stereotype space X. The class of all quotient spaces of X will 
be denoted by Quot(X). From its construction it is clear that Quot(X) is a set. 

The following is evident: 

Proposition 3.7. For a morphism e : Z -fr- X in the category Ste the following conditions are equivalent: 
(i) e is an epimorphism, 
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(ii) there is a quotient space Y of X with the representing epimorphism v : Y X, and an isomorphism 
6 : Z -(^ Y such that the following diagram is commutative: 




(3.16) 

X 



Corollary 3.5. For a stereotype space X the system Quot(X) of all its quotient spaces is a system of quotient 
objects for X . 

The formalization of the idea of quotient object we have presented here has a quahtative shortcoming in 
comparison with the notion of subspace which we considered above: the problem is that the relation does not 
establish a partial order in the system Quot(P) of quotient spaces of a stereotype space P. By the set-theoretic 
reasons no one of axioms of partial order (reflexivity, antisymmetry and transitivity) holds for . In particular, 
the first two axioms do not hold since the situation when F <— \ X and at the same time Y — X is impossible. 
To explain this, let us agree for simplicity that we do not take into account the necessity to pass to a subspace 
in the completion which was stated in the step 3 of our definition - then Y X (and Y 0) implies by the 
axiom of regularity [TBJ Appendix, Axiom Vll] that there exists an element y € Y such that y OY = 0. But if 
in addition Y = X, then the element y, being a coset of X, i.e. a non-empty subset in X, must have non-empty 
intersection yr\Y = yr\X — y^0 with X ~ Y. As to the transitivity, in the situation when Z Y and 
Y \ X the elements of Z are non-empty sets of elements of Y, and each such element is a non-empty set 
of elements of X. From the point of view of set theory this is not the same as if elements of Z were sets of 
elements oi X, so in this situation the relation Z <— X is also impossible. This forces us to introduce a new 
binary relation. 

• Suppose Y <— ,X and Z <—- X. We will say that the quotient space Y subordinates the quotient space 
Z, and we write in this situation Z ^ Y, if there exists a morphism k :Y ^ Z such that the following 
diagram is commutative: 

Y (3.17) 

X 

Z 

(here vy and vz are representing epimorphisms for Y and Z). The morphism >f, if exists, must be, first, 
unique, and, second, an epimorphism. 

For any stereotype space P the relation ^ is a partial order on the set Quot(P) of quotient spaces of P. 




Immediate quotient spaces. 

• Let Y and Z be two quotient spaces of X such that 



and the epimorphism >f : Z <— 1" in diagram (j3.17l) is a monomorphism (and hence, a bimorphism) of 
stereotype spaces. Then we will say that the quotient space is a mediator for the quotient space Z of 
the space X. One can notice that in this case y is a subset in Z, so we will write Z Z^Y . 

• We call a quotient space .Z of a stereotype space X an immediate quotient space in AT, if it has no non- 
isomorphic mediators, i.e. for any its mediator K in A the corresponding epimorphism Z ^.Y is an 
isomorphism. We write in this case Z A: 

Z ^.^X ^ \IY [iz ^Y h Y ^X h Z^y\ =^ Z = Y 



• Let us say that an immediate quotient space Y <— A strongly subordinates an immediate quotient space 
Z A, and write Z ^Y, if there exists a strong epimorphism >c : Y Z such that diagram (|3.17p is 
commutative. 



88 



Remark 3.2. In the category of locally convex spaces LCS the immediate quotient spaces of a locally convex 
space X are exactly quotient space of X by closed subspaces with the usual quotient topologies. Like in the 
case of subspaces, in the category Ste of stereotype spaces the situation becomes more complicated (see below 
Examples and [32]) . 

Recall that the notion of immediate epimorphism was defined on page 1131 The following statement is dual 
to Proposition 13. 4[ and can be proved by the dual reasoning: 

Proposition 3.8. For a morphism e : Z X in the category Ste the following conditions are equivalent: 
(i) e is an immediate epimorphism, 

(a) there exists an immediate quotient space Y of the stereotype space X with the representing morphism 
V : Y X and an isomorphism 6 : Z Y such that the following diagram is commutative: 

Z (3.18) 




X 



The quotient space Y and the morphism 6 are uniquely defined by Z and e. 

Proposition 3.9. For an immediate quotient space Y of a stereotype space X with the representing epimor- 
phism V : Y X the following conditions are equivalent: 

(i) V is an open map, 

(ii) V is a weakly open map, 

(Hi) Y is a pseudosaturation (X/E)'^ of the quotient space X/E of the locally convex space X (with the usual 
quotient topology) by some closed locally convex subspace E: 

Y = {X/E)". 



• If the conditions (i)-(iii) of this proposition are fulfilled, then we say that the immediate quotient space 
y of X is open. 

Proof. 1. The implication (i)^^(ii) is a special case of the common situation described in Proposition [3TlJ 

2. Let us prove (ii)=^(iii). Suppose the representing epimorphism u : y X is a weakly open map. Denote 
by E its kernel. By definition of stereotype quotient space, K is a pseudocomplete locally convex subspace in 
the completion [X/EY of the locally convex space X/E under some topology r which is majorated by the 
quotient topology X/E, and X/E lies in Y as set. Thus, we can represent v as a diagram 

X/Ei X 

(7 I 

Y 

where tt : X — > X/E is the usual quotient map of locally convex spaces, and a : X/E — > y is a natural 
bimorphism. Since Y is pseudocomplete, a can be extended to some morphism ct^ on pseudocompletion 
[X/Ey of the space X/E (we use here the reasoning stated in diagram (1.13)]): 




Note that ct^ is not only epimorphism (this follows from the property of epimorphisms 3° on page [71 since the 
composition v — a"^ o Vx/b o tt is an epimorphism), but also a monomorphisni. This is proved as follows. The 

*In author's paper [2] Theorem 4.16, which is equivalent to Proposition 13.91 here, as well as the more general proposition. 
Theorem 11.9, contain an inaccuracy; the requirement of openness of v is omitted there. 
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fact that V is weakly open, implies that a is weakly open as well. This means that every linear continuous 
functional on X/ E can be extended along the map ct to a linear continuous functional on Y . In other words, 
the dual map a' : Y' ^ X' is a surjection. This implies that the pseudosaturation cr^ must be an injectior(^. 
As a result, we have a chain of epimorphisms 

where the first morphism cr^ is a bimorphism. Thus, {X/ E^ is a mediator for Y , and we obtain the equality 
Y^{X/Ey. 

3. The implication (iii)=>(i) follows from the fact that pseudocompletion does not change the topology. □ 
The following example is dual to Example 13.21 

Example 3.6. There exists a stereotype space P with an immediate quotient space of the form Y — (P/E)"^ , 
which cannot be represented in the form F = P/F for a subspace F C P (in formal language this means that 
the representing epimorphism Y -s— ^ P is open, but not closed). 

Proof. The space Z from example [21 3.22] is such a space. It contains a closed subspace E such that the locally 
convex quotient space Z/E is metrizable, but not complete. As a corollary, in the stereotype sense the space 
(Z/E)"^ is an immediate quotient space, but it cannot be represented in the form Z/F., since F is uniquely 
defined as the kernel of the map Z ^ Y, and hence must coincide with E. □ 

From Example 13.31 we have 

Example 3.7. There exists a stereotype space P with an immediate quotient space Y such that the representing 
epimorphism Y P is not weakly open (in the sense of definition on page 1751) . As a corollary, Y is not 
representable in the form Y = {P/EY for a subspace E <Z P (and hence is not isomorphic in Epi(P) to a 
cokernel of some morphism ip : A ^ P in Ste). 

Imprint Imp^ P of a set F of functionals on a space X. Theorem 13 . 241 which we will prove later justifies 
the following definition. 

• Let P be a set of linear continuous functionals on a stereotype space X. The imprint of the set of 
functionals P on X is a quotient space of X, denoted by Imp"^ P, or by Imp P, and defined as the injective 
limit in the category Ste 

Imp-^P = ImpP = Ste-lii^Pi (3.19) 

of the covariant system {Ef, i G Ord} of quotient spaces of X indexed by ordinal numbers and defined by 
the following inductive rules: 

0) the space Eg is the pseudocompletion of the quotient space X/ KerP (with the usual quotient topol- 
ogy) of X by the common kernel KerP = H/gf f of functionals from P: 

Eo = {X/ KerP)^ 

1) if for an ordinal number j e Ord all the spaces {Ei; i < j} are already defined, then the space Ej is 
defined as follows: 

— if j is an isolated ordinal, i.e. j = i + 1 for some i, then Ej = Pj+i is defined as the pseudocom- 
pletion of the quotient space Ei/ KerP (with the usual quotient topology): 

Pj =P,+i = (P,/KerP)^ 

— if j is a limit ordinal, i.e. j ^ i + 1 for all i, then Ej is defined as the injective limit in the 
category Ste of stereotype spaces of the net {Ei; i j}: 

Ej = Ste- lim Ei = ( LCS- lim Ei 

^We use here the following obvious property of pseudocompletion: if ip : X ^ Y is a monomorphism of locally convex space, 
such that the dual map ip' : X' i— Y' is a surjection, then its pseudocompletion tp^ ; X' — > Y^ is also a monomorphism of locally 
convex spaces. 
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Since the transfinite sequence {Ei; i £ Drd} cannot be an injective map from the class Ord of all ordinal 
numbers into the set Quot(X) of quotient spaces oi X , it must stabilize, i.e. after some number i all the 
spaces Ei must coincide together with the topology. As a corollary, the formula (j3.19p uniquely defines 
some quotient space Imp of X. 

Example 3.8. If a set of functionals F separates elements of X (in other words, the common kernel KerF of 
functionals from F is zero), then the imprint of _F on X coincide with X: 



KerF = 



lmp-^F = X 



Proof. From Ker F ^ {x e X : ^feF f{x) 0} = we have Eq = {X/ KerF) = X. As a. corollary, all the 
other spaces Ei coincide with X 

X = Eq = El ^ ... 



Thus, ImpF = X. 



□ 



Example 3.9. If a set of functionals F is a closed subspace in X* (as in a locally convex space), then the 
imprint of -F on X is the open immediate quotient space of X by the common kernel Ker F, i.e. coincides with 
the pseudocompletion of the locally convex quotient space X/ Ker F with the usual quotient topology: 



-X* 



SpanF"' =F =^ \mp^ F = {X / Ker F)^ 
The following two theorems are dual to Theorems 13.61 and 13.71 and therefore do not require proof. 



Theorem 3.10. The imprint \mp^ F of any set of functionals F C X* on a stereotype space X is an immediate 
quotient space of X , to which functionals from F can he continuously extended: 

Imp^F^^ X, V/eF 3.9 e (imp-^F^* : f^gov. (3.20) 

Theorem 3.11. Every quotient space Y of a stereotype space X is subordinated to the imprint lmp^(y* o v) 
of the system of functionals Y* o v = {g o v; g £ Y*} on the space X, where v : Y <— X is the representing 
epimorphism ofY: 

v.Y^X =^ y lmp'^(r* ou), (3.21) 
and Y is an immediate quotient subspace of X , iffY coincides (as a locally convex space) with this imprint: 

v.Y^^X ^ Y = \mp^{Y'' ov). (3.22) 



Corollary 3.6. The representing epimorphism v : Y 
space X is always relatively open. 

The following theorem is dual to Theorem 



X of any continuous quotient space Y of a stereotype 



Theorem 3.12. If ip : Y X is a morphism of stereotype spaces, turning a set of functionals G C Y* into a 
set of functionals F C X* , 

GoipCF, 

then there exists a unique morphism e : Imp^ G Imp"^ F such that the following diagram is commutative: 



Y ^ 



X 



In the special cases: 



(p:Y ^..X 
GoifC F 

Lp:Y X 
GoipCF 

ip:Y X 
Goip^ F 



Imp^G^ - - Imp-^F 



£ is an epimorphism, 



e is an immediate epimorphism., 



e is an isomorphism. 



(3.23) 
(3.24) 
(3.25) 
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Theorem 3.13. The imprint Imp F of a set F C X* of Junctionals on a stereotype space X is a minimal 
quotient space among immediate quotient spaces of X to which functionals F can be extended. Moreover, every 
such quotient space Y strongly subordinates Imp^ F : 

Vr [F(ZY*kY^^X =^ Imp^Fs^r). (3.26) 

Proposition 3.10. If a : Y <— ^ X and f3 : Z ^.X, then the condition Z* o a C Y* o j3 implies Z ^Y. In a 
special case, when Y C^X and Z X , the condition Z* o a C Y* o (3 implies Z ^Y. 

(d) Decompositions, factorizations, envelope and imprint in Ste. 

Pre-abelian property and basic decomposition in Ste. Since any two parallel morphisms X Z X Y 

■4' 

in the category Ste of stereotype spaces can be added and subtracted one from another, it is clear that Ste is 
an additive category. In [5] it was noticed that this category is pre-abelian: 

Theorem 3.14. In the category Ste of stereotype spaces for each morphism ip : X ^ Y the formulas 

Kerip= (^ip-^{0)y, Coker</j = (y/^(X))^, Coim = (x/v3"^(0)) ^, \mip^ (^(^))'^ (3.27) 

define respectively kernel, cokernel, coimage and image. The operation ip ^-^ ip* of taking dual map establishes 
the following connections between these objects: 

(ker (/s)* = coker (coker^j)* = ken^s* (im i^)* = coim 1^9* [com Lp)* — \m ip* (3.28) 

(Ker(^)^^ = lm</j^ (Im (^)^^ = Ker (p* Kenp ^ {\m ip*)^^ \m ip ^ {Kenp")^^ (3.29) 

The pre-abelian property of Ste implies 

Theorem 3.15. Each morphism ip : X Y in Ste has basic decomposition (|2.12p . The operation p 1^ tp* of 
taking dual map establishes the following identities: 

(im (^)* = coim t/?"^ {co\m p)* = im p* (3.30) 

{\m p})* ^ Co\m ip* {Co\m p)* ^ \m p* (3.31) 

Formulas p.27p imply 
Theorem 3.16. For any morphism of stereotype spaces p : X ^ Y 

— its kernel Ker p and image Imp are closed immediate subspaces (in X and Y respectively), 

— its coimage Co\mp and cokernel Cokerp are open immediate quotient spaces (of X and Y respectively). 

Example 3.10. There exists a morphism of stereotype spaces p such that the reduced morphism red p is not 
a bimorphism. 

Proof. Let £^ be a space from Example 13. 1[ i.e. a complete locally convex space with a discontinuous linear 
functional / : i? — s> C which is continuous in the topology of pseudosaturation E^ of space E. The kernel 
F = Ker / of this functional is a closed subspace in the pseudosaturation E^ of the space E, different from E^, 
but in the space E the subspace F is dense. Since E is complete, we can embed it as a closed subspace into a 
direct product of Banach spaces, let us denote it by Y. Let p : F^ Y he the composition of the injections 

F'' C F C E^ C E CY. 

Since is a closed subspace in the pseudocomplete space i?^, it is pseudocomplete. Hence, its pseudosaturation 
F^ is a stereotype space. On the other hand, F is a direct product of Banach spaces, therefore it is stereotype 
as well. Finally, since p is an injection, its kernel is zero, hence its coimage coincides with F^: 

Coim p = F^, 

On the other hand, the image of p is the pseudosaturation of the space p{F^) — F in Y, i.e. pseudosaturation 
of the space E: 

\mp= (^piF'^fy = E^. 
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Thus, the reduced morphism red Lp is just the enclosure 



and this cannot be a bimorphism, since is closed in E'^ , but not equal to E'' . Diagram (|2.12p for takes 
the following form: 



F^ 



Y 



coim Lp 



im ip 



red Lp 



□ 



Nodal decomposition in Ste. In [31 Theorem 4.21] it was noticed that the category Ste is complete. On 
the other hand, from Corollaries 13.31 and 13.51 it follows that Ste is well-powered and co- well-powered. Together 
with the existence of basic decomposition, this by Theorem 12.61 means that Ste is a category with nodal 
decomposition: 

Theorem 3.17. In the category Ste of stereotype spaces each morphism ip : X ^ Y has nodal decomposition 
(j2.5p . The operation (p (p* of taking dual map establishes the following identities: 



(irrioo ^)* ^ coirtioo V* 
(Irrioo v)* = CoitTioo </3* 



(coitTioo f)* = itrioo ip* 
(CoitTioo ip)* = Irrioo V* 



(3.32) 
(3.33) 



As we noticed above, the basic and the nodal decomposition are connected with each other through diagram 
(|2A3ll : 

-1^ f . 



coim ^ 



Coim ip ■ 



CoitTioo f ^ Irrioo ^ 



red ip 



-^\m(f 



where morphisms a and r are uniquely defined (by Lp). 

Example 3.11. For a morphism described in Example 13.101 diagram (12.13^ has the from 



coim 




m ip 



This shows that r is not necessary an isomorphism. If we consider the dual map (^*, we can conclude that a is 
not necessarily an isomorphism as well. 

Theorem 3.18. For any morphism of stereotype spaces ip : X -^Y 

— its nodal image Irrioo <(2 coincides with the envelope in Y of its set of values ip{X): 

Irrioo <^ = Env'^^(X) (3.34) 

— its nodal coimage Coirrioo coincides with the imprint on X of a set of functionals Lp*{Y*): 

Coimoo¥' = lmp-^¥'*(>"*) (3-35) 
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Proof. By Remark 12.21 the nodal image \moo (fi is a projective limit of a sequence of "usual" images lm(/?* of 
transfinite system of morphisms, defined by the inductive rule (p*''"^ = red 1^9'. And each space ItTK/?* exactly 
coincides with the space Ei from the definition of the envelope Env^ M in Y of the set M = ip{X). 

Similarly, the nodal coimage CoitTioo f is an injective limit of transfinite system of "usual" coimages Coim 1^9% 
and each such space coincide with the space Ei from the definition of the imprint Imp"^ F on X of the set of 
functionals F = □ 

Factorizations in Ste. Recall that by definition on pageHHl a factorization of a morphism X Y is its 
representation as a composition </? = /i o e of an epimorphism e and a monomorphism fi. Theorem 12.61 implies 

Theorem 3.19. In the category Ste of stereotype spaces 

(i) each morphism has a fectorization, 

(ii) among all factorizations of there is a minimal one (Emin, Mmin) and a maximal one (£max, Aimax); i-e. 
each factorization (e, fi) lies between them: 



Characterization of strong morphisms in Ste. 

Theorem 3.20. In the category Ste for a morphism fi : Z ^ X the following conditions are equivalent: 
{i) /I is an immediate monomorphism, 

(i) ' in diagram p.Sp the space Y is an immediate subspace in X , 

(ii) fi is a strong monomorphism, 

{ay in diagram p.Sp the morphism a is a strong monomorphism, 
(Hi) /i = irrioo 

(iv) coitTiooM f^^d, redooM '^''6 isomorphisms. 

Proof. The equivalences (z) ■i^=^ (ii) <;=^ (Hi) (iv) follow from Theorem 12. 3[ since Ste is a category with 
nodal decomposition. In addition, Proposition 13.41 implv equivalences (i) (i)' and (ii) (ii)'. □ 

The dual proposition is proved by analogy: 

Theorem 3.21. In the category Ste for a morphism e : Z — > X the following conditions are equivalent: 

(i) £ is an immediate epimorphism, 

(i) ' in diagram p.l6p the space Y is an immediate quotient space for X , 

(ii) £ is a strong epimorphism, 

(ii)' in diagram p.l6p the morphism tt is a strong epimorphism, 
(Hi) £ ^ coirrioo £, 

(iv) irrioo M '^^'^ I'edoo M ^''g isomorphisms. 

Envelope and imprint in Ste. Since the category Ste is complete, well-powered, co-well-powered and has 
nodal decomposition, this implies the existence of some envelopes and imprints in Ste. 

Theorem 3.22. In the category Ste of stereotype spaces 

(a) each space X has envelopes in the classes Epi of all epimorphisms andSEpi of all strong epimorphisms with 
respect to arbitrary class of morphisms <I>, among which there is at least one going from X ; in addition, 

(i) iffp differs morphisms on the outside in Ste, then the envelope in Epi is also an envelope in the class 



(£min,Mmin) ^ (s , fJ-) ^ (E: 




Bim of all bimorphisms: 




env 



,Bim 



X, 
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(ii) if differs morphisms on the outside and is an ideal in Ste, then the envelope in Epi is also an 
envelope in the class Bim of all bimorphisms, and in any other class f2 which contains Bim (for 
example, in the class Mor of all morphisms) : 

env|P' X = env|™ X ^ envf X = env^, X, i? D Bim . 

(b) in each space X there exist imprints of the classes Mono of all monomorphisms and SMono of all strong 
monomorphisms by means of arbitrary class of morphisms <P, among which there is at least one coming 
to X ; in addition, 

(i) if <P differs morphisms on the inside in Ste, then the imprint o/ Mono is also an imprint of the class 
Bim of all bimorphisms: 

imp<j A = imp<j, X. 

(a) if<l> differs morphisms on the inside and is a left ideal in Ste, then the imprint o/Mono is an imprint 
of the class Bim of all bimorphisms, and of any other class f2 which contains Bim (for example, in 
the class Mor of all morphisms) : 

imp^°"° X = imp|™ X = impf X = imp<|, X, i7 D Bim . 

Proof. Due to duality it is sufHcient to prove (a). Let X be a stereotype space, and <P a class of morphisms, 
which contains at least one going from X. Then the envelope env^"" X exists by Theorem l2.11l and the envelope 
envl^*" X by Theorem l2.21l Suppose now that differs morphisms on the outside in Ste. Then by Theorem ll.2l 
the existence of envelope env^'^' X automatically implies the existence of envelope env|™ X and their equality: 
env^'" X — env|"" X. Finally, suppose that <P differs morphisms on the outside in Ste and in addition is a right 
ideal. Then by Theorem 11.31 the existence of envelope env|"" X (which is already proved) implies that for any 
class i? D Bim the envelope env^ X also exists, and these envelopes coincide: env|™ X — en\/2 X. □ 

Theorem 3.23. The envelope Em^ M of a set M in a stereotype space X coincides with the envelope of the 
svac¥^ Cm 'in the class Epi of all epimorphisms of the category Ste with respect to the morphism ip : Cm ^ X , 

Env^Af = Env^P' Cm- 
Proof. This follows from Theorems 12.81 and 13.181 

Env^P' Cm = (|2:20l) ^\m^(p = (l334)) = EnV^ (^(CAf) = Env^ Span M = Env^ M. 

□ 

Theorem 3.24. The imprint Imp'^i^ of a set F of functionals on a stereotype space X coinsides with the 
imprint of the class Mono of all monomorphisms of the category Ste in the svaca^H C^ by means of the morphism 
ip-.X^C", p{x)f = fix), f GF 

lmp^F= lmp^°"°C-^. 
Proof This follows from Theorems [lH] and OH 

l^pMono ^ ([^^ ^ Coimoo (fi = (IX^ = Imp"^ V*iY*) = Imp^ Span F = Imp^ F. 

□ 

(e) On homologies in Ste 

As is known, in the homology theory, in opposition to the well-established methods of Abelian categories, there 
have always been attempts to find alternative approaches, where it is considered desirable to get rid of the 
Abelian property and even of the additivity with the aim to cover the widest spectrum of situations (one can 
make an impression of this by the works [35], ES], SO], [IS], [H], [H], [SS], [ID], [3D], [B], [7], [H], [33], [H])- 
We hope that the following effect will be interesting in this connection: in the (non- Abelian, but pre- Abelian) 
category Ste of stereotype spaces the standard definition of homology breaks up into two non-equivalent notions. 
Let us start with the following definition (taken from [ITJ: 

^'^We use here the notations of |3] p. 478]. 
-"^-"^The notations of 3, p. 477] arc used here. 
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• Suppose in a pre-Abelian category K wc have a pair of morphisms X ^ Y Z which form a complex: 

Ip O ifi = 0. 



Ker i/> 



By the definitions of kernel and cokernel, this equality defines two natural morphisms X — > Kertp and 
Coker ip ^'^^'^ z such that the following diagram is commutative 




Ker-0 Coker 

The cokernel of the morphism ip^^'^'^ is called the left homology of the pair {(p, V') and is denoted by 

H_(V' : (p) = Coker((p'^"'-'^). (3.36) 
and the kernel of the morphism V'Cokervs is called the right homology of the pair {^PtiP) s-nd is denoted by 

: ip) ^ Ker {tpcokev^p)- (3.37) 

The following observation belongs to folklore: 

Proposition 3.11. In a pre-Abelian category K for any pair of morphisms X ^ Y ^ Z forming a complex, 
-0 o = 0, there exists a unique morphism h('0 : (p) '■ H_(?/; : p) — ?• H_|_(?/' : p) such that the following diagram is 
commutative: 

(3.38) 




Kert/j 

oker(i/3'^"''^) 



Coker </j 

ker(?/JCoker, 



H.i^p-.cp)'. 



Coker(^'<^^'^) ^ Ker(V'co: 



ker J 



H+(V : ip) 



In each autodual category (for instance, in Ste) the purely categorial duality reasoning gives the following 
identities: 

H+i^:py ^H^iip* -.r), H_{i;:pr^H+{^*:r) (3-39) 

Example 3.12. In the category Ste of stereotype spaces the morphism H_(V' : p) > H+(7/' : ip) is not 

always an epimorphism. 

Proof. Let £^ be a space from Example 13.11 i.e. a complete locally convex space with a discontinuous linear 
fimctional f : E ^ C, which is continuous in the topology of pseudosaturation E'^ . The kernel F ~ Ker / of this 
functional is a dense subspace in E, but in the space E^ it is a closed subspace, different from E^ (since / ^ 0). 
As a corollary, the natural enclosure a : F ^ E is dense (i.e. has a dense image in E) , but its pseudosaturation 
. _^ ^A (jQgg Qot have this property. 

Let us represent i? as a closed subspace in a stereotype space Y (with the topology inherited from Y; for 
example, we can consider the system of Banach quotient spaces of E and say that Y is the direct product of 
these spaces). Let 

ip: F'' ^ E^ ^Y 
be the corresponding composition of monomorphisms, and 

ip-.Y ^ {Y/E^Y 

the corresponding epimorphism. Then, first, 

Kerijj = E^ 
4 
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And, second, 



Coker^ = (Y/E^y 

IpCokerip = l(y/_Bi)v 
Ker(?/'Coker.^) = 



As a result diagram p.38p takes the form 

F^ 




> {Y/E'^y 
1- 

I l/JCoker 
ker(?/JCoker, 



H_(V:¥') 



and clearly, h('0 : (p) cannot be an isomorphism. 



□ 



§ 4 The category of stereotype algebras Ste® 

A stereotype space A over C is called a stereotype algebra, if A is endowed with a structure of associative algebra 
over C with the identity, and the multiplication is a continuous bilinear form in the following sense: for any 
compact set K in A and for any neighborhood of zero U in A there exists a neighborhood of zero F in A such 
that 

K -V CU & V -K CU. 

This is equivalent to the fact that A is a monoid in the category Ste of stereotype spaces with respect to one 
of the two natural tensor products, namely, ® (see details in [2]). Certainly, each stereotype algebra A is a 
topological algebra (but not vice versa). The class of all stereotype algebras is denoted by Ste®. It is a category, 
where morphisms are linear, continuous, multiplicative and preserving identity maps ip : A ^ B. 

In contrast to the category Ste of stereotype spaces, the category Ste® of stereotype algebras is not additive. 
In addition, in Ste® there arise an asymmetry between monomorphisms and epimorphisms, since epimorphisms 
are not inherited from Ste: 

Example 4.1. A morphism cp : A B of stereotype algebras is a monomorphism, iff tp is an injective map 
(i.e. a monomorphism of stereotype spaces). 

Example 4.2. On the other hand, an epimorphism (p : A ^ B oi stereotype algebras not necessarily have dense 
image in B (i.e., not necessarily is an epimorphism of stereotype spaces). A counterexample is the enclosure of 
the algebra TZ{C) of polynomials on C into the algebra TZ{C^) of Laurent polynomials on = C \ {0} (both 
algebras are endowed with the strongest locally convex topology). 

The following lemma will be useful in the further considerations: 

Lemma 4.1. Let A and B be topological algebras (with the separately continuous multipication) , and if : A ^ B 
- a linear continuous map, which is multiplicative on some dense subalgebra Aq in A: 



Then ip is multiplicative on A: 



(p{x -y) = p{x) -ipiy), x,y e Aq. 
p{x ■ y) ^ p{x) ■ p{y), x,y&A. 
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Proof. For any x,y ^ A we find nets Xi, yj e Aq such that 

Xi y X, yj y y 

and then we have: 

(fix ■ y) < — ip{x ■ yj) < — ip{x^ ■ yj) = if{x{) ■ (p{yj) — > ip{x,) ■ ip{y) — ¥ ip{x) ■ ip{y). 

□ 

(a) Subalgebras, quotient algebras, limits and completeness of Ste® 
Subalgebras, products and projective limits. 

• Suppose _B is a subset in a stereotype algebra A endowed with a structure of stereotype algebra in such 
a way that the set-theoretic enclosure _B C A is a morphism of stereotype algebras (i.e. a linear, multi- 
plicative and preserving identity continuous map). Then the stereotype algebra B is called a subalgebra 
of the stereotype algebra A, and the set-theoretic enclosure cr : i? C ^ its representing monomorphism. 

• We say that a subalgebra i? of a stereotype algebra A is closed, if its representing monomorphism a : B ^ A 
is a closed map in the sense of definition on page [7H 

The following fact was stated in (Theorem 10.13): 

Theorem 4.1. Let A be a stereotype algebra and B its subalgebra (in the purely algebraic sense), and at the 
same time a closed subspace of the locally convex space A. Then the pseudocompletion B'^ is a (stereotype 
algebra and a) closed subalgebra in A. 

Theorem 4.2. Each family {Ai]i G /} of stereotype algebras has a direct product in the category Ste® of 
stereotype algebras, and as a stereotype space this product is exactly the direct product of the family of stereotype 
spaces {Ai] z e /}.• 

Ste®-J]A, = Ste-[]A, 

Proof. We have to verify that the direct product is the usual direct product of locally convex spaces A — Yiiei 
with the coordinate-wise multiplication: 

{x ■ y)i = Xi -yi, i e I. 

By [21 Theorem 4.20], this is a stereotype space, so we only need to prove that the multiplication is continuous. 
Let [/ be a neighborhood of zero and K a compact set in A. We must find a neighborhood of zero y in A such 
that 

V -K (^U, K -V CU. 
It is sufficient to consider a base neighborhood of zero U, i.e. 

U ^ {x e A : \/i E J X., E Ui} 

where J C / is a finite subset in /, and for any i E J the set Ui is a neighborhood of zero in Ai, and Xi is the 
projection of x E A onto Ai. If [/ has this form, then for any i E J we can consider the neighborhood of zero 
Ui in Ai, and (since Ai is a stereotype algebra) we can choose a neighborhood of zero Vi such that 

(where Ki is the projection of the compact set X C A onto Ai). Then we put 

V ^ {xeA: yieJ x,eV,} 

and for each x G V and y E K we get: 

(vi e J {x ■ y)i ^ Xi ■ yi eVi ■ Ki <Z x ■ y e U, 

This means that V ■ K C U. Similarly, 

(yi e J (y ■ x)i ^ yi ■ Xi & Ki ■ Vi <^ =^ y ■ X eU, 

and this means that K ■ V C U. □ 
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Theorem 4.3. Each covariant system {Ai] nj} of stereotype algebras has a projective limit in the category 
Ste® of stereotype algebras, and as a stereotype space this limit is exactly the projective limit of the covariant 
system of stereotype spaces {Af, tt^}; 

Ste®-^Aj = Ste-l^im A., 

Proof. By Theorem 14.21 the direct product A = Yiiei ^« with the coordinate- wise multiphcation is a direct 
product of the family of algebras {A^} in Ste®, and by Theorem 14.11 the subalgebra B in A, consisting of 
families {xi; i € 1} with the properties 

x, = Trf{xj), ii^jel, 

and endowed with the topology of pseudosaturation of the topology inherited from A, is a stereotype algebra. 
The same mode as in the case of stereotype spaces, prove that B is the projective limit in Ste®. □ 

Quotient algebras, coproducts and injective limits. 

• Let A be a stereotype algebra, and let 

1) / be a two-sided ideal in A (as in algebra), and at the same time a closed set in A (as in a topological 
space), we will further call such ideals closed ideals in A, 

2) r be a locally convex topology on the quotient algebra A/I, such that r is majorated by the usual 
quotient topology, 

3) i? be a subspace in the completion {A/iy of the locally convex space A/I with respect to r, such 
that B contains A/ 1 and is a stereotype algebra with respect to the algebraic operations and the 
topology inherited from (A//)'. 

Then we call the stereotype algebra B the quotient algebra of the stereotype algebra A, and the composition 
V = (T o TT oi the quotient map tt : A — s> A// and the natural embedding a : A/I ^ B is called the 
representing epimorphism of the quotient algebra B. 

• A quotient algebra _B of a stereotype algebra A is said to be open, if its representing epimorphism v : B -(^ A 
is an open map in the sense of definition on page 1741 

The symmetry between projective and injective constructions which was obvious for stereotype space (see 
[2]), is preserved in some sense for stereotype algebras, but the difference is that the injective constructions in 
Ste® become more complicated and as a corollary, the proofs become more difficult (however, the situation 
here is the same as for algebras in purely algebraic sense) . For example, the analog of Theorem 14.11 uses the 
theory of modules over algebras (see proof of Theorem 10.14 in |2]): 

Theorem 4.4. Let A be a stereotype algebra and I a closed ideal in A. Then the pseudosaturation [A/ lY is 
a stereotype algebra (and is called an open quotient algebra of A by the ideal I). 

Remark 4.1. In Theorem 14.41 the unitality requirement (i.e. the existence of identity) for the algebra A is 
unessential. 

• Suppose {Ai, i S /} is a family of stereotype algebras. Let us construct an algebra Ujg/ At in the following 
way. First let us say that a sequence of indices i — G / alternates, if any two neighboring 
elements there do not coincide: 

Vfc = l,...,n-1 ik^ik+i- 

The set of all alternating sequences in / of a given length n e N will be denoted by /„. Consider a 
stereotype space 

^* = ® ® •■• ® 

(where ® is the projective tensor product described in [5]) and note that the formula 

/ X / X [flii ® ® ... ® fli,,^ ® ® ® •■• ® 6i„, im^ji 

\ V "/ [a,i ® 0^2 ® ... ® (^ai„ • 6jij ® 6j2 ® ... ® 6,„, i„i = Ji. 

defines a multiplication on A* which is continuous as a bilinear form on a stereotype space. We can factor 
out the algebra A* (without identity) by the closed ideal M (here we use Remark 14.11 to Theorem 14. 4p 
generated by elements of the form 

Ia. -1a, , i,j^I, 
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The arising open quotient algebra (A,/A/)^ is a stereotype algebra with identity 

(here at the right side we mean the image of the identity in the arbitrary algebra Ai under the quotient 
map TT : A^, ^ {A^, / AI)'^ ) . Following [21J we call the algebra (A^/Af)^ the free product of the algebras 
{Ai; i G /} and we denote it by Ste®-]J.g^ Ai, or by 

Ste®-]jA, = {A^/Aiy. 

This is justified by the following theorem. 

Theorem 4.5. For each family {Ai;i G /} of stereotype algebras its free product Ste® -Y[if^j Ai is a co-product 
in the category of stereotype algebras Ste®. 

Theorem 4.6. Each covariant system {Ai] t^} of stereotype algebras has an injective limit in the category 
Ste®. 



N 



Proof. This is the open quotient algebra (^{Ui^j Ai) / n'^ of the free product Uig/ ^» closed ideal 

generated by elements of the form 

Li{x) - ij{Ll{x)), X e Ai, 

where tfc : — > Yiiei natural embeddings. □ 

As one can note (this is an illustration to the difference between the projective and the injective constructions 
in Ste®) the injective limits in Ste® do not necessarily coincide as stereotype spaces with the injective limits 
in Ste. For instance for co-products we have inequality: 

Ste®-]jA, ^ Ste-]jA, 

(although there is a natural map from the right side to the left side). This asymmetry however diasppears in 
the case, when the index set / is directed: 

Theorem 4.7. // {Ai, ij} is a covariant system of stereotype algebras over a directed set I, then the natural 
map 

Ste-limA Ste®-limA 



between its injective limit in the category Ste and the injective limit in the category Ste® is an isomorphism of 
stereotype spaces: 

Ste-lin^Aj = Ste®-lin^ A^. 
Proof. Denote by A the injective limit of the system {Ai; ij} in Ste: 



A = Ste- lin^ Ai 

and let pi : Ai A be the corresponding morphisms of stereotype spaces: 

(4.1) 

Ai )■ Aj 

We will show that A has a natural structure of stereotype algebra, and with this structure A is an injective 
limit of the covariant system of stereotype algebras {Ai; 4}. 

1 . Take z S / and note that for any j ^ i the homomorphism : Ai ^ Aj induces on Aj a structure of left 
Ai-module by formula 

a-b = bl{a) ■ b, a e Ai, beAj. (4.2) 

i Aj 

(here • means the left multiplication by elements of Ai, and • the multiplication in Aj). Besides this, for 

i Aj 

i ^ j ^ k the maps t*^ : Aj Ak turn out to be morphisms of left A^-modules: 



'{a.b) = m^ ;,b)= ^ i'^ib) = L'lia) ■ ,^{b) = gj) - a • i'^{b), a e A, b e A,. 
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This means that {Aj; j ^ i} can be considered as a covariant system of left stereotype ^i-modules. By [21 
Theorem 11.17], it has an injective Hmit, which as a stereotype space coincide with the injective hmit of the 
system of stereotype spaces {Ai]j ^ i}. And the latter one coincides with the injective limit of all the system 
of stereotype spaces {Ai] ij}, since / is directed: 

^^Ste- lim Aj = Ste- lim Aj = Ste- lim Aj = A. 

An important conclusion for us is that for any i e / the space A has a structure of stereotype Ai-module, and 
under this structure the maps in diagram (I4.ip become morphisms of ^^-modules, in particular, 

Pj{a ■ b) — a ■ pj{b), i ^ j, a G A,;, b Aj. (4-3) 

i i 

2. Note then that for i ^ j the structures of left yli-module and of left Aj-module on A are coherent with 
each other by the identity 

tj (a) • a; = a • a;, a & Ai, x ^ A. (4.4) 

i i 

To prove this we should first consider a special case when x = Pk{b), b e Ak, k ^ j. We have in this situation: 



\(a) , X = 4 {a) , pkib) Pki4i^ •. 6) - 63) - PfeU- 



= pkU-ia) ■ 6) = (I12D = pk{a . 6) = (I33D = a • pfe(6) = a ■ x. 

After that let us recall that the family of spaces Ak is dense in its injective limit A (we use here the left formula 
of [H (4.15)] and the fact that / is directed). This means that for any x G A there is a net Xk G Pk{Ak) tending 
to X in A: 

A 

Xk ^ X. 

k—^oo 

Since for any Xk the equality (j4.4p is already proved, we obtain a relation which proves (j4.4p for this x: 

if (a) • X 4-^ ' — a ■ Xk — -> a ■ x 

(the possibility to take limits follows from the continuity of the multiplication in a stereotype module). 
3. From the fact that A is a left Ai-module we obtain by f?, Theorem 11.2], that the formula 

ipi{a){x) — a ■ X, a e j4i, a; e A, 

i 

defines a homomorphism od stereotype algebras 

ifi^ : A, C{A). 

The fact that this is a homomorphism means that we have the identity 

(pt{a -b) = ipi{a) o ipi{b), a,b e A^, (4.5) 

and equality 

ip.iU^) ^ \dA . (4.6) 
formula (j4.3p in this style of writing turns into the identity 

ipi{a)(p^(b)) = a -^p^ib) ^ Pi{a b), a,b e Ai, (4.7) 

and formula (|4.4p into the identity 

^j{''ii'^))ix) = ipi{a){x), a e A,, X e A, 

which is equivalet to the equality 

ipjOil=ipi, i<^j. (4.8) 
The latter one means that the following diagram in Ste® is commutative: 

C{A) 

A, ; > Aj 
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One can interpret this as an injective cone of the covariant system {Ai; L-f} in the category Ste of stereotype 
spaces. Then we can conchide that there exists a hnear continuous map ip from the injective limit A — limAj 
of this system into the space C{A) such that for any i the fohowing diagram is commutative 

A > CiA) 

Let us put 

x-y = (p{x){y), x,y G A, (4.10) 

and verify that this multiphcation turns A into a stereotype algebra. 

4. Let us note that the bilinear form (a;, y) ^ x ■ y is continuous. Indeed, if ii' is a compact set in A, then 
its image f{K) is a compact set in C{A). Hence, ^p{K) is a compact set in the space of operators A : A. By [31 
Theorems 5.1 and 2.5], this means that (p{K) is equicontinuous on A. Hence for a neighborhood of zero W in 
A there is a neighborhood of zero y in A such that 

K V = ip{K){V) C W. 

On the other hand, for any compact set K and for any neighborhood of zero V7 in A the set W K is a 
neighborhood of zero in C{A), hence from the continuity of (p it follows that there is a neighborhood of zero V 
in A such that 

ip{V) CW(Z)K, 

and this is equivalent to the inclusion 

V ■ K ip{V){K) CV. 

5. Besides this, the formula 

U = P.(1a.) (4.11) 
defines some element of the space A, so if i ^ j, then 

At the same time the chain 

ifilA) = ipiMU,)) = ip^{lA,) - dm) - idA (4.12) 

implies that this element is the identity for the multiplication (|4.10p : first, for any y G A we have 

iA-y = f{iA){y) = idA(2/) = y- 

And, second, for any x G A we can find a net G Ak such that 

Pk{ak) X, 

and by the already proven continuity of the multiplication in A, we have: 

X ■ Ia Pk{ak) ■ 1a = Pk{ak) ■ Pfc(lAfc) = (14.101) = (p(^Pk{ak)^ (^pkilAk)) = 

= (pk{ak)\Pk{^AS] = = Pk{ak ■ IaJ = Pk{ak) 

\ / Afc fe— >CXD 

Thus, 

X ■ 1a = X. 

6. Now we notice that the map pi in (j4.9p must be a homomorphism of algebras. Indeed its turns identity 
into identity just by the definition of 1a in (|4.1ip . On the other hand, it preserves multiplication since for all 
a, 6 e Aj 

p^{a ^ 6) = 63) = (p,(a)(p,(6)) >p{p,{a)){p,{b)) = = P^{a) ■ P^ib)■ (4.13) 

7. The same for the map (p. The preserving of identities were already stated in the chain (|4.1ip . And to 
prove multiplicativity we first have to note the formula 

(^(p,(a) -^^(6)) = (^(p,(a)) o(^(pj(6)), ij€l,a€A„beAj (4.14) 
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Indeed, for fee / such that k i and k ^ j we have: 

= 611) = • i'^ib)) = 63 = ^fe(i,'=(a)) o ^ki^'^ib)) - 63D = 

= </'(pfe(if(a))) o^(pfc(t^^(6))) = 6ID = '^(p^(a)) 
Then we take x^y ^ A and find G Ai and 6^- G such that 

A A 

pMi) — > X, pj{bj) — y. 

We obtain: 

ip{x ■ y) 'pipiiai) ■ y) ^(piiai) ■ Pj{bj)) = (|4.14p = 

oo<—'t \ / oo-<— J \ / 

= ip(pi{a,)) o ip(pj{bj)) ^ ^p(pi{a^)) o ip{y) ip{x) o ip{y), 

hence, 

ip{x ■ y) = <^(a;) o ip{y). 
This formula proves in addition the associativity of the multiphcation in A, 

x-{yz) = ip{x){y ■ = ip{x)(^ip{y){z)j = (^ip{x) o ip{y)j (z) = ip{x ■ y){z) ^{x-y)-z, 

and this was the last what we needed to understand that A is a stereotype algebra. 

8. We only have to verify that the cone of algebras {Ai; Pi} is an injective limit of the covariant system of 
algebras {Af, ij}. Let [Bi] ai} be another cone of algebras. Since it is also a cone of stereotype spaces, there 
exists a unique linear continuous map a : A ^ B such that the following diagram is commutative: 

A----^ B 

\ A (4-15) 

A^ 

We must check that ct is a homomorphism of algebras. The preserving of identities follows from the fact that 
all Oi preserve identity: 

For proving the multiplicativity we note first the following identity: 

cr(p,(a) •pj(fe)) =CT(/?,(a)) •o-(pj(6)), i,j£l,a€A„b£Aj, (4.16) 
This can be proved by the same reasoning as (|4.14p above: take fee / such that k ^ i and k ^ j, then 

= 613 - M'^Ua) ■ = M'^Ua)) ■ MiUb)) = 613 = 

= a[p,{>,Ua))) ■ a[p,{>,^{b))) = 63) = ^[p.ia)) ■ a[p,{b)) 
After that we take x^y £ A and choose ai G Ai and bj G Aj such that 

A A 

Pi{a,) — > X, pj{aj) — > y. 

We obtain: 

a{x ■ y) ^ cf{pi{ai) ■ y) ^ (j(pi{ai) ■ Pj{bj)) = (|4.16l) = 

= <T[p^{a^)) -crlpjibj)) -A (7(p^{a^)) -criy) -A a{x)-a{y), 

and thus, 

cr(x • y) = (j{x) ■ a{y). 

□ 
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Ste® as a determined category. Theorems 14.31 and 14.61 imply 

Theorem 4.8. The category Ste® of stereotype algebras is determined (and hence, complete). 

(b) Nodal decomposition, envelope and imprint in Ste® 
Discerning properties of strong epimorphisms in Ste®. 

Theorem 4.9. For a morphism of stereotype algebras e : A ^ B the following conditions are equivalent: 

(i) e is an immediate epimorphism in Ste®, 

(ii) e is a strong epimorphism in Ste®, 

(Hi) e is an immediate epimorphism in Ste, 

(iv) £ is a strong epimorphism in Ste. 

Proof. Let us note that the connections (ii) and (iii)<^(iv) are already known. So it is sufficient to prove 
(i)=^>(iii) and (ii)^(iv). 

1. Let us start with (i)=>(iii). Let e : A — >■ be an immediate epimorphism in Ste®. Consider its minimal 
factorization in Ste, i.e. a diagram with linear continuous maps 



-fB 





Coirrioo e 

where Coirrioo e is the nodal coimage in Ste. Our aim is to show that Coirrioo e has a structure of stereotype 
algebra, under which the morphisms coirrioo £ and /j, become morphisms in Ste® - this will mean that the 
epimorphism coirrioo £ is a mediator for e in the category Ste®, and, since e is an immediate epimorphism, /i 
must be an isomorphism in Ste®, and hence in Ste as well. This allows to conclude that the epimorphism e is 
isomorphic in Ste to the epimorphism Coirrioo £, which is an immediate epimorphism in Ste, and thus, e is also 
an immediate epimorphism in Ste. 

The existence of the structure of stereotype algebra on Coirrioo £ follows from Theorems 14.41 and 14.71 on 
the one hand, any operation of the form A' i-> [A' /lY (where / is a closed two-sided ideal in A') turns each 
stereotype algebra A' into a stereotype algebra, and on the other hand, the injective limit in Ste of the system 
of stereotype algebras that one can form from A in this way, is a stereotype algebra. Theorem 14.71 implies also 
that the natural map of A into this injective limit Coimoo £ is a morphism of stereotype algebras. 

It remains to check that is a morphism of stereotype algebras as well, i.e. it is multiplicative and it 
preserves identity. Preserving identity follows from the same property for e and coirrioo £{^a)'- 

/i(lc) = ^(coimoo £(U)) = £(U) = Is- 

The multiplicativity of /i on the subalgebra coirrioo £(^) follows from the multiplicativity of e and coirrioo £(1a): 
for any a, 6 G A we have 

/i(coimoo £(a) • coirrioo £(&)) = M(coimoo £(a • b)) — e{a ■ b) — e{a) ■ e{b) = /i(coimoo £(«)) ■ fJ-{co\moo £(b)) 

After that we should recall that coimoo £ is an epimorphism in Ste, so the algebra coirrioo £(^) is dense in 
Coirrioo £■ Hence, by Lemma l4.11 fi must be multiplicative on Coirrioo £• 

2. Let us now prove (ii)<^(iv). Suppose e : ^ — ^ _B is a strong epimorphism in Ste. Consider a diagram in 
Ste® 

A B 




where fi is a monomorphism. It can be considered as a diagram in Ste, and since /i is a monomorphism in 
Ste (by Example 14. ip . and e a strong epimorphism in Ste, there must exist a morphism 5 in Ste (i.e. a linear 
continuous map) such that the following diagram is commutative: 
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It remains to check that the map 5 is a homomorphism of algebras. Preserving identity follows from monomor- 
phity of ^: 

M1c)-1d = /3(£(U)) -Ai(5(e(U))) ^ 1c = <^(1b). 

By the same reason 6 is multiplicative on the subalgebra e{A): for each a, 6 e A 

^i{5{e{a ■ b))) = /3{e{a ■ b)) = /3(e(a) • ^{e{b)) = • iJ^WW) - ■ 5{e{b))) 

S{eia-b)) = S{eia))-5{eib)). 
After that the multiplicativity of S on B follows from Lemma WA\ □ 

Theorem 4.10. // a morphism of stereotype algebras ip : A ^ B is not a monomorphism, then there exists a 
decomposition ip — (p' o e, where e is a strong epimorphism, but not an isomorphism. 





Proof. If is not a monomorphism, then its kernel / = Ker is a nonzero closed ideal in A. By Theorem 
the quotient space (^4//)^ is a stereotype algebra. The homomorphism of algebras can be lifted to some 
homomorphism of algebras if) : A/ 1 B, which by definition of usual quotient topology is a continuous map: 

A^^A/I 
I 
I 

4- 
B 

Since the space B is pseudocomplete, the map ip can be extended to a continuous map ip' : {A/I)^ B 

A—^A/I^^{A/iy 

b' 

By Theorem 14.91 the map v = V^// o tt : A {A/I)"^ is a strong epimorphism of stereotype algebras, so we 
only have to verify that ip' is a homomorphism of algebras. It preserves identity since l(yi/7)v = 1a/i- 

V''(l(A/7)v) = ^{Ia/i) = Is 

And its multiplicativity follows from Lemma l4. 11 since tJj is multiplicative. □ 
Discerning properties of strong monomorphisms in Ste®. 

Lemma 4.2. Let A be a stereotype algebra and B a subalgebra in A (in the purely algebraic sense). Then the 
envelope Env"^ B of the set B in the stereotype space A is a stereotype algebra. 

Proof. This follows from the completeness of the category Ste® (Theorem 14. 8p and from the fact that the 
pseudosaturation of closure C of any subalgebra C in A is always a stereotype algebra by Theorem 14.11 □ 

Lemma 4.3. In the category Ste® of stereotype algebras the immediate monomorphisms coincide with the 
strong monomorphisms. 

Proof. We already noticed (the property 2° on page [Tl)) that each strong monomorphism is an immediate 
monomorphism, so we have to verify that in Ste® the inverse is also true. Let fi : C ^ D he an immediate 
monomorphism of stereotype algebras. Consider a diagram 

A B 



where e is an epimorphism. Consider the subset in /i(C) U 13(B) in D. Let alg(/i(C) U 13(B)) be the subalgebra 
(in the purely algebraic sense) in D generated by ^(C) U l3(B), and R = Env^ ( alg(^(C) U 13(B)) ) the envelope 
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of the set alg(/i(C) U f3{B)) in D (in the sense of the definition on page [52]). By Lemma [4.21 i? is a stereotype 
algebra. Let a : R ^ D denote its natural enclosure in D. Since fJ-{C) C i?, and R is an immediate subspace in 
D, the morphism of stereotype spaces fi can be factored through the morphism of stereotype spaces a : R ^ D, 

fj, = a O 7T 

Here tt must be multiplicative, since from the identities 

cr(7r(x • y)) ^ fi{x ■ y) ^ fi{x) ■ fi{y) = cr{Tr{x)) ■ cr(7r(y)) = cr(7r(a;) • 7r(y)) 
imply by monomorphity of a the identity 

tt{x ■ y) = Ti^x) ■ 7r(y). 

So we can conclude that tt is a morphism of stereotype algebras. Similarly, the enclosure C R implies that 
the morphism of stereotype spaces j5 can be factored through the morphism of stereotype spaces a : R ^ D, 

/3 = a o p 

and again the monomorphity of a implies that p is a morphism of stereotype algebras. 
So we obtain a diagram in the category Ste®: 



A 



B 



P 



R 



C 



D 



Let us show that tt is an epimorphism (in Ste®). Let (^,r] : R 
algebras. Then the equality 

C o TT = r/ o vr 



implies, on the one hand, the identity 



and, on the other hand, it implies the chain 



(opoe = (oTroa = rioTToa = 7]opo e 

m 
End 



7r(C) 



T be two parallel morphisms of stereotype 



C, O p = 7] O p 



PiB) 



PiB) 



Together they give 



c 



7r(C)Up(S) 



C 



alg(^(C)Up(S)) 



alg(7r(C)Up(i3)) 



Let us recall that formally i? is a subset in B, so the set alg(7r(C) U p{B)) formally coincides with the set 
alg(/z(C) U P{B)). As a corollary, alg(7r(C) U /9(B)) = alg(/i(C) U PiB)) is dense in i?, and we obtain that C = ?7- 
This proves that tt is an epimorphism of stereotype algebras. Thus, p is decomposed into a composition of 
an epimorphism tt and a monomorphism a. Since p is an immediate monomorphism, tt, being a mediator, must 
be an isomorphism. Now we can put 5 = tt^^ o p, and we obtain the required diagram 

A -^-^ B 

/ 

/ 

/ 5 



c 



D 



□ 

Theorem 4.11. //a morphism of stereotype algebras ip : A ^ B is not an epimorphism, then there exists a 
decomposition ip = X o ip' (in Ste® J, where X is a strong monomorphism, but not an ismorphism. 
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Proof. 1. Denote by P the envelope in B of the set (p{A): 

P ^ Em^ip{A). 

By Lemma 14.21 P is a stereotype algebra, and the set-theoretic enclosure (, : P — s> _B is a monomorphism 
of stereotype algebras (and an immediate monomorphism of stereotype spaces). Let ^ be the class of all 
factorizations of the morphism t in Ste®, 

P > B 

\ / (4.17) 
X 



where the algebra X as a set lies between P and B: 



P CX C B 



(4.18) 



This class is not empty, since it contains the factorization t = (. o 1, and it is full in the class of all factorizations 
(i.e. each factorization of l is isomorphic to some factorization from (p). Every factorization from <P is uniquely 
defined by the set X in B and a topology on X, i.e. by a subspace X in the topological space B. Since all 
subspaces of a given topological spaces form a set, we obtain that <P must be a set (not just a class). For 
simplicity we can conceive as just a set of subalgebras X m B satisfying (|4.18p and endowed a topology that 
turns X into stereotype algebras in such a way that the enclosures (j4.18p are continuous maps (this will mean 
that they are morphisms of stereotype algebras). For any X G the set-theoretic enclosures PCX and X C B 
will be denoted by ttx and ^x- Thus, diagram (|4.17p turns into diagram 



P 



-4 B 



(4.19) 



X 



Let Y be the union of all sets X: 



xe<i> 



then Q the envelope of the subalgebra a\gY in the stereotype space B, 

Q = Env^algF 

and X and A the enclosures P C Q and Q C B respectively: 

P > B 



Q 

By Lemma 14.21 Q is a stereotype algebra, and this means that >f and A are (mono)morphisms of stereotype 
algebras. For any X € (!> we denote by ax the enclosure X C Q. The topology of X majorizes the topology of 
Q, hence ax is a continuous map, and we obtain a diagram in the category Ste®: 

(4.20) 




2. Let us show now that x is (not only a monomorphism, but also) an epimorphism of stereotype algebras. 
Indeed, for any two morphisms ^, 77 : Q =4 T we have the following chain: 



4 
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m 

End 



X X 



C 



c 



.X 



.X 



= V 



C 



algy 



= V 



algy 



c = c 



= ^ 



(the last implication follows from the fact the the vector space a\gY is dense in its envelope). 

3. Let us show that A : Q ^ -B is an immediate monomorphism (in Ste®). Suppose A = A'oe is its arbitrary 
factorization. Denote by R the range of e (and the domain of A'), then we have a diagram: 

(4.21) 




The morphism £ o is an epimorphism (as a composition of two epimorphisms), so the decomposition t = 
A' o (e o >f) is a factorization of l. As a corollary, it is isomorphic to some standard factorization l. — fix ° t^x 
for some X E <P: 

P '■ >B 




(here the dashed arrow is some isomorphism of stereotype algebras). So from the very beginning we can think 
that in (j4.2ip some X E <P stands instead of R: 




Here every arrow is a set-theoretic enclosure, and the topology on the beginning of the arrow majorizes the 
topology on its end. In particular, the arrow e means that Q is a subset of X, and the topology of Q majorizes 
the topology of X. But on the other hand the arrow ax in diagram (j4.20p means that on the contrary X is a 
subset in Q, and the topology of X majorizes the topology of Q. Together this means that X and Q coincide 
with the topologies: 

X = Q. 

In particular, e is an isomorphism, and this is what we had to verify. 

4. Since A is an immediate monomorphism, by Lemma |4.3[ we obtain that A is a strong monomorphism. 

5. Note that since ip{A) C P, the morphism f is factored through P: 

ip — L O 9, 

for some morphism 9 : A ^ P. We obtain a diagram in Ste®: 



A 



B 



P 



Q 
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We see now that A cannot be an isomorphism, since otherwise would be an epimorphism, as a composition 
of two epimorphisms 9 and x, and an isomorphism A. So if we put ip' — x o 0^ we obtain a decomposition 
If = Xo (p\ where A is a strong monomorphism, but not an isomorphism. □ 

Nodal decomposition in Ste®. Let us notice the foUowing two properties of the category Ste®. 
Theorem 4.12. The category Ste® of stereotype algebras is well-powered. 

Proof. A morphism ^ : A — 5- _B in Ste® is a monomorphism in Ste® iff it is a monomorphism in Ste, and the 
latter category is co-well-powered. □ 

Theorem 4.13. The category Ste® of stereotype algebras is strongly co-well-powered. 

Proof. By Theorem 14.91 a morphism e : A ^ B in Ste® is a strong epimorphism in Ste® iff it is a strong 
epimorphism in Ste, and the latter category is co-well-powered. □ 

On the other hand, as we already know the category Ste® is complete (by Theorem 14. Sp . and in Ste® the 
strong epimorphisms discern monomorphisms, and the strong monomorphisms discern epimorphisms (Theorems 
14.101 and l4.1ip . Thus, we can apply Theorem 12.41 and we get 

Theorem 4.14. In the category Ste® of stereotype algebras each morphism (p : X ^ Y has a nodal decompo- 
sition (12.51). 



Remark 4.2. Theorem 14.91 implies in addition that the nodal coimage Coimoo in Ste® coincides with the 
nodal coimage in Ste, and as a corollary with the imprint (as a quotient space of a stereotype space) on X of 
a set of functionals (f>*{Y*): 

CoimooV? = lmp^^*(y*) (4.22) 
For the nodal image Irrioo V? the analogous proposition is not true. 

Theorem 4.15. For each morphism ip : A B in the category Ste® of stereotype algebras its nodal decompo- 
sition ip — irrioo tpo redoo <pocoimoo V' ^'^ ^^^6 category Ste of stereotype spaces is a decomposition (not necessarily, 
nodal) in the category Ste®. 

Proof. We need to see here that the stereotype spaces Coirrioo f and Irtioo have natural structure of stereotype 
algebras, and that the morphisms of stereotype spaces coirrioo f ■ A ^ Coitrioo ip, redoo <P ■ Coirrioo 'P Irrioo 
itrioo • ^'^oo'P B, are morphisms of stereotype algebras (i.e., homomorphisms of algebras). This follows 
from the way of constructing Coitrioo and Irrioo since ip> : A ^ B is a morphism of stereotype algebras, its 
reduced morphism (^""^ = red ip : Co'\m ip — > \m ip> is also a morphism of stereotype algebras (together with the 
morphisms colvmp : A — > Coimc^ and \rr\ip : Imtp — B). By the same reason the second reduced morphism 
t/?^ = red (p^ must be a morphism of stereotype algebras, and so on. We have to organize a transfinite induction 
by the degree of this operation, and we will obtain that the nodal coimage Coirrioo ^p is a. stereotype algebra (as 
an injective limit of stereotype algebras Coim (/?*), the nodal image Irrioo <p is a stereotype algebra (as a projective 
limit of stereotype algebras Im (p^), and the morphisms coitrioo </? : A — > Coirrioo 'P, redoo 'P '■ Coirrioo 'P Irrioo 'P, 
imoo fp 'ArOoo 'P ^ B are homomorphisms of algebras. □ 

Envelopes and imprints in Ste®. Since it is not clear whether the category Ste® is co- well-powered, in 
the analog of Theorem l3.22l in the case of envelopes in Epi we have to require that the class <!> of test morphisms 
is a set (so that in the proof one could replace Theorem 12. lll bv Theorem 12. 9^ : 

Theorem 4.16. In the category Ste® of stereotype algebras 

(a) each algebra A has envelope in the class Epi of all epimorphisms (respectively, in the class SEpi of all strong 
epimorphisms) of the category Ste® with respect to an arbitrary set (respectively, class j of morphisms 
among which there is at least one going from A; in addition, 

(i) if differs morphisms on the outside in Ste®, then the envelope in the class Epi is an envelope in 
the class Bim of all bimorphisms: 

env|P' A = envf"^ A, 

(ii) if differs morphisms on the outside and is a right ideal in Ste®, then the envelope in the class Epi 
is an envelope in the class Bim of all bimorphisms, and in any other class Q which contains Bim (for 
example, in the class Mor of all morphisms) : 



env, 



!p' a = env|™ A = envf A = em^ A, f2 D Bim . 
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(b) in each algebra A there exist imprints of the classes Mono of all monomorphisms and SMono of all strong 
monomorphisms of the category Ste® by means of arbitrary class of morphisms (p, among which there is 
at least one coming to A; in addition, 

(i) if <P differs morphisms on the inside in Ste®, then the imprint of Mono is also an imprint of the 
class Bim of all bimorphisms: 

;, „Mono A ' Bim a 

imp^ A = \mp^ A. 

(ii) if ^ differs morphisms on the inside and is a left ideal in Ste®, then the imprint of Mono is also 
an imprint of the class Bim of all bimorphisms, and of any other class fi which contains Bim (for 
example, of the class Mor of all morphisms): 

imp^°"° A = impf A ^ impf A = imp^ A, Bim . 

• Let us say that a morphism of stereotype (or just topological) algebras (p : A ^ B is dense, if the image 
(p{A) of A under the map (p is dense in B: 

^=B. 

Certainly, each dense morphism is an epimorphism, so we will call such morphisms dense epimorphisms. 
The class of all dense epimorphisms in the category Ste® (or in TopAlg) will be denoted by DEpi. It 
is connected with the classes Epi of all epimorphisms and SEpi of all strong epimorphisms through the 
embeddings 

SEpi c DEpi c Epi . (4.23) 

Remark 4.3. Embeddings (j4.23l) are not equalities. An example of a dense epimorphism, which is not strong, 
is the embedding of the algebra C°°{M) of smooth functions into the algebra C{M) of continuous functions on a 
smooth manifold M (this embedding is a bimorphism of stereotype algebras, so if it were a strong epimorphism, 
it would automatically be an isomorphism, but this is not true) . And an example of non-dense epimorphism is 
the standard embedding of the algebra V{€.) of all polynomials on the complex plane C into the algebra 7'(C^ ) 
of Laurent polynomials on the punctured complex plane (we endow ■p(C) and ■p(C^) with the strongest 
locally convex topology). 

For dense epimorphisms the first part of Theorem 14. 161 is strengthen as follows: 

Theorem 4.17. In the category Ste® of stereotype algebras each algebra A has an envelope in the class DEpi of 
all dense epimorphisms with respect to arbitrary class of morphisms <P, among which there is at least one going 
from A; in addition, 

(i) if <P differs morphisms on the outside in Ste®, then the envelope in DEpi is also an envelope in the class 
DBim of all dense bimorphisms: 

env°^P' A = eny°^'"^ A, 

(ii) if <P differs morphisms on the outside and is a right ideal in Ste®, then the envelope in DEpi is also an 
envelope in the class DBim of all dense bimorphisms, and for each class f2, which contains DBim (for 
example, in the class Mor of all morphisms): 

env^^P' A = eny^^'"" A = envf A ^ env<g A, 12 D DBim . 

Proof. Consider the algebra A as a stereotype space. By Theorem 13.221 A has an envelope env^'"''^'^^'' A in the 
class Epi of all epimorphisms in the category Ste with respect to the class (p. We have to verify that this object 
is an envelope env^^*"*-^^^ •* A in the class DEpi of all dense epimorphisms of the category Ste®. For this we 
need to subsequently verify that the reasoning in Theorems 12.81 12.91 and 12.111 work. 

1. First we suppose that <!> consists of just one morphism (p. By Theorem 14.151 the elements of nodal 
decomposition — imoc <y5ofedoo tpocoimoo in the category Ste of stereotype spaces are morphisms of stereotype 
algebras. As a corollary, the dense epimorphism Emax = redoo ° coimoo f is also a morphism in Ste®. It is an 
extension of A in DEpi(Ste®) with respect to ip, duet to diagram 

redoo ipocoirrioo ip 

A s- \m^tp 




(4.24) 



B 
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Let (T : A N he another extension of A in DEpi(Ste®) with respect to ip: 

A > N 

\ / 

V \ 3!i/eMor(Ste®) 

B 

Then since a is an epimorphisni in Ste, by Theorem 12.11 there exists a morphism v' : N 
that the following diagram is commutative: 



> B 



Irrioo in Ste such 




Coimoc<(5 > Irrioo <p 

The map v' is a homomorphism of algebras, since v and itrioo are homomorphisms, and irrioo (/3 is an injective 
map: on the one hand, 



irPoo (p{v'{In)) = v{In) = Is = irrioo vihm^ ^) 



v'{In) = 1b, 



and, on the other. 




imoo (p{v'{x ■ y)) = i^{x ■ y) = v{x) ■ v{y) = irrioo v{v'{x)) ■ irrioo ^{v'{y)) = iirioo v{v'{x) ■ v'{y)) 

^'{x ■ y) ^ v'{x) ■ v'{y). 

The last diagram can be transformed as follows: 

A 



£max— redoo ipoco 



We see now that is the morphism v from diagram (11.61) . Its uniqueness follows from the fact that a is an 
epimorphism. 

2. Then we consider the case when ^ is an arbitrary set of morphisms. We take the subset 'Pa in 'P consisting 
of morphisms going from A, 

<p e (p e<P & Dom((p) = A. 

The envelope with respect to 'P is the same as envelope with respect to (Pa ■ After that we consider the product 
ni/3e<fA ^^'^iv) 9.nd the corresponding product of morphisms Oi^e*^ (p : A ^ Ylipe^p^ Dom((p). The envelope 
of A with respect to morphisms <Pa is exactly the envelope of A with respect to one morphism HipG'J'A ^^'^ 
we reduced the task to the previous case. 

3. Finally, suppose P is an arbitrary class of morphisms (not necessarily a set). Then following the same 
reasoning as in Theorem 12. Ill we replace the class <P with a set M of morphisms which gives the same envelope. 
This is possible since, due to Theorem 14.151 in all the diagrams in the proof of Theorem 12.111 the arising 
morphisms are not only morphisms in the category Ste, but also morphisms in the category Ste®. 

4. When the existence of envelope env^^'^'*'^*® A is proved we apply the same reasoning as in Theo- 
rem 13.221 If <P differs the morphisms on the outside, then by Theorem 11.21 the existence of the envelope 
env^^'^' A automatically implies the existence of the envelope env^^'^' A — env^^™ A and their coincidence: 
env^^*" A = env^^™ A. And if 'P differs morphisms and is a right ideal in Ste®, then by Theorem II. 31 the exis- 
tence of the envelope env^^™ A (which is already proved) automatically implies that for each class H D DBim 
the envelope env^ A also exists and they coincide: env^^™ A = env^ A. □ 
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(c) The Arens-Michael envelope 

We will finish the paper with two examples of envelopes in the categories of topological algebras. The first of 
them is the Arens-Michael envelope. 



The Arens-Michael envelope in the category TopAlg of topological algebras. The term "Arens- 
Michael envelope" which we use here was introduced by A. Ya. Helemskii in [14 . The applications of this 
construction were considered in and S) ■ 

Recall that an absolutely convex closed neighborhood of zero C/ in a topological algebra A is said to be 
submultiplicative, ii U - U C [/. To any such neighborhood of zero U in A one can assign a two-sided closed ideal 
Ker U = ne>o e ■ in A and a quotient algebra A/ Ker U endowed with (not the quotient topology as one could 
expect, but) the topology of normcd space with the unit ball U + KerU. Then the completion {A/ KerU)^ is a 
Banach algebra, and we denote it by A/U and call it the quotient algebra of A by the neighborhood of zero U. 
The natural map from A into A/U 



Pu 




^ Aj KerJ7- 



'A/ Ker U 



^{Aj KerC/)^ ^ AjU 



(where tij is a quotient map, and Tyi/Kert/ is the completion map) will be called the Banach quotient map of 
A by the neighborhood of zero U. 

Denote by B the class of all Banach quotient maps {pjj : A — s> A/U}, where A runs over the class of 
topological algebras, and U the set of all submultiplicative neighborhoods of zero in A. 

Proposition 4.1. The class B of Banach quotient maps is a net of epimorphisms in the category TopAlg 
of topological algebras, and the relation of pre-orde^^ is equivalent to the embedding of the corresponding 
neighborhoods of zero up to a positive scalar multiplier: 



Pv Pu 



3s >0 e-V dU. 



(4.25) 



Proof. 1. Let us first verify (|4.25p . Suppose U and V are submultiplicative closed absolutely convex neighbor- 
hoods of zero in A, and e • C L/ for some e > 0. Then Ker V C Ker U , and the formula 

X + Ker F ^ a; + Ker J7 

defines a linear continuous map A/ KerV A/ KerU which can be extended by continuity to an operator 

TT^ : A/V = {A/ Ker ^ {A/ Ker Uf ^ A/U. 
Obviously, the following diagram is commutative: 

.A^ , (4.26) 



A/V- 




^A/U 



In particular, py — pu . On the contrary, if for some morphism l : A/V — >■ A/U we have a commutative diagram 




(4.27) 



A/V > A/U 



then we can put U = pu{U) and V — pv{V), and these will be ball centered in zeroes in A/U and A/V 
respectively, so the continuity of the operator l : A/V A/U implies that 



e-V c r\u) 

The pre-order — > on the class Epi(X) of all epimorphisms going from a given object X of a category K was defined on p llll 
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for some e > 0. And we have 

e-V^ {pv)-' {e-v)^ {pv}-' (.-^(C/)) = {pu)-\U) = U. 

2. Let us check now axiom (a) of the net of epimorphisms from the page [Ml For each topological algebra 
A the set Ba of its Banach quotient maps is non-empty, since always there exists at least one submultiplicative 
neighborhood of zero U in A, namely, U = A (and the corresponding quotient map is zero, pu '■ A ^ 0). Besides 
this, if U and V are two submultiplicative closed absolutely convex neighborhoods of zero in A, then, clearly, its 
intersection t7 n ^ is also a submultiplicative (and closed absolutely convex) neighborhood of zero in A. That 
is, the submultiplicative absolutely convex neighborhoods of zero form a system directed to the contraction in 
A. Together with the rule (|4.25p this means that the system of epimorphisms {pjj : A — > A/U} is directed to 
the left with respect to the pre-order 

3. Then we check axiom (b). For each topological algebra A the system of connecting morphisms Bind(SA) 
has a projective limit, since the category TopAlg is complete. This limit can be defined as a map A t-^ 
lim Bind(SA), since it is directly constructed as a set in the product of algebras A/U. 

4. It remains to check axiom (c). Let a : A — > S be a morphism of topological algebras and pv ■ B ^ B/V 
a Banach quotient map. The set U = a^^{V) is a submultiplicative closed absolutely convex neighborhood of 
zero in A. The map 

x + KerU a{x) + Ker V, 
is extended by continuity to a map : A/U — ?> B/V such that the following diagram is commutative: 



X 



Pu 



Pv 



A/U ; - -^B/V 



□ 



• The net B will be called a net of Banach quotient maps. 

• For each algebra A diagram (j4.26D means that the family of quotient maps pu A A/U is a projective 
cone of the contravariant system Bind(Z5yi) {""y}- The projective limit of this cone in the category 
TopAlg of topological algebras is called the Arens-Michael envelope of the algebra A and is denoted by 

Z)a=-I^Ba. (4.28) 
(this limit exists since TopAlg is complete). The range of this morphism 

A"^ = Ran^^A) = TopAlg-^iim4/C/. (4.29) 

C/ is a Bubmupltiplicative 
neighborhood of zero in A 



is also called the Arens-Michael envelope of the algebra A. 



For any two submultiplicative closed absolutely convex neighborhoods of zero U and V such that e -V CU 
for some e > we obtain a diagram 



A 




where '^a = hni pu = limS^ is the natural morphism into the projective limit, or, what is the same, the local 
limit of the net B at the element A. From Theorem 1 1.1 II it follows 
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Theorem 4.18. The Arens-Michael envelope is an envelope in TopAlg with respect to the system of Banach 
quotient maps B, and to each morphism ip : A B in TopAlg the formula 

ip^ = lim lim ip"^ o erg (4.30) 

assigns a morphism ipp : AP — >■ B^ such that the following diagram is commutative: 

A — , (4.31) 

I 

B ^ 

and the map [A^Lp) ^ [A^ ^Lp'^) is a covariant functor from TopAlg into TopAlg. 

Lemma 4.4. In the category TopAlg of topological algebras the net B of Banach quotient maps consists of dense 
epimorphisms and generates on the inside the class of all morphisms with values in Banach algebras. 

Proof. The class B consists of dense epimorphisms, since the image pu{A) of any algebra A is always dense in its 
Banach quotient algebra A/U = [A/ Kert/)^. Let us show that B generates the class of morphisms with values 
in Banach algebras. It is important here to verify the second embedding in the chain (|1.13l) . Let ip : A ^ B he 
a morphism into a Banach algebra B. If F is a unit ball in B, then the set U — ip^^{V) is a neighborhood of 
zero in A, and the condition V ■ V 'Z V implies the condition U ■ U C U: 

x,yeU ^ (p{x),ip{y) & V ip{x ■ y) = ip{x) ■ ip{y) e V x ■ y e U ^ ip^'^{V) 

Consider the normed algebra A/ KerU and the quotient map tjj : A A/ KerU. From the obvious equality 
Ker (p = Ker U it follows that the morphism (p can be decomposed in the category Alg of algebras as follows: 

% A/ KerU 




On the other hand, the equality x ^(^) = U + Kerip = U + KerU implies continuity of x- So it will be 
continuously extended to the completion {A/ KerUY = A/U of the space A/ KerU: 



Pu 



A' 



^ A/ Ker U > A/U 

^ A/ KerU ^ 




and since A/ Ker U is dense in its completion {A/ Ker UY = A/U , the map x^ must be multiplicative by Lemma 
4.11 At the same time, obviously, x^ preserves the identity. Hence, x^ is a morphism in TopAlg. □ 



Theorem 4.19. In the category TopAlg of topological algebras the envelope with respect to the class BanAlg of 
Banach algebras exists for each algebra A in the following classes of morphisms: 

— in the class Epi of all epimorphisms, 

— in the class DEpi of all dense epimorphisms, 

— in the class SEpi of all .strong epimorphisms. 

In the first two cases the envelopes coincide with each other and with the Arens-Michael envelope: 

envB^S^Aig A = env°X ^ = (4-32) 

And in the third case the envelope coincide with the nodal coimage (in the category TopAlgj of the Arens-Michael 
envelope: 

envg^^Aig A = coimoo ^a- (4.33) 
In all these cases the envelopes are covariant functors from TopAlg into TopAlg. 
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Proof. First, the topology in the projective hmit (|4.29p is the projective locahy convex topology, hence the 
natural map 'Z^a = lim pu '■ A ^ densely embeds the space A into the space A^ . Thus, is a dense 

U^Q r-i— n 

epimorphism. In addition, by Lemma 14.41 the net B generates the class of morphisms with values in Banach 
algebras. Together this means that the conditions (i) and (ii) of Theorem 11.131 are fulfilled. Applying this 
theorem, we obtain that the local limit of the net B, i.e. the Arens-Michael envelope, is an envelope in the class 
DEpi of dense epimorphisms with respect to the class BanAlg of Banach algebras: 

^\^Ba = ^r^^B^LgA. 

After that we can replace the class DEpi by the class Epi in this reasoning, and then the same Theorem 1 1.1 31 
will give the equality 

^A = lim^A = envB^^^jiig A. 

Finally, by Theorem 12.221 the nodal coimage of the local limit limBA must be an envelope in the class SEpi 
of strong epimorphisms: 

coimoo '^A = coirrioo limBA envf^Pjig A. 
In all these cases the envelopes are functors by Theorems 11.131 and 12.221 □ 

The following example shows that the net B does not satisfy the conditions on page HUl 

Example 4.3. The net B of Banach quotient maps in the category TopAlg is not relatively splitted. 

Proof. Consider the algebra C[a;] of polynomials of one variable with complex coefficients. Let a : C ^> C[x] be 
the embedding of the field C into C[a;] by constants, r : C[a;] — > C a map that any polynomial / turns into its 
value in zero, /(O), and 5 : C[.t] — C a map that any polynomial / turns into its value in identity, /(I). Then 
in the diagram 



C 

idc 



/ 
' S 



(4.34) 



the upper triangle is commutative, since on the constants the value in the identity is the same as the value in 
the other points 

5{a{X)) = A, A e C. 

And the lower triangle is not commutative, since, for instance, the values of the polynomial x in the points 
and 1 are different: 

5{x) = x{l) = 1 7^ = a:(0) = t{x). 

It remains to note that r is isomorphic to the Banach quotient map by the neighborhood of zero V = {f & 
C[x\ : 1/(0)1 ^ 1}, and idc to the Banach quotient map by the neighborhood of zero C/ = {AgC: |A|<1} 
(and moreover, all Banach quotient maps of C are isomorphic to idc). As a corollary, if for t a counterfort a is 
chosen, then the corresponding diagram must be isomorphic to (j4.34p . and therefore it cannot split. □ 



The Arens-Michael envelope in the category Ste® of stereotype algebras. In the special case, when 
topological algebras are stereotype, the same construction as the one on page II 1 11 defines a net of epimorphisms 
B, which we also call a net of Banach quotient maps. But the local limit of this net Ste®- ^m Ba in the category 
Ste® of stereotype algebras seems to not coincide with its local limit TopAlg- hm in the category TopAlg of 
all topological algebras - the formal connection between them (actually, this is the common for all projective 
limits in TopAlg and Ste®, cf. [21 (4.15)]) is described by the formula 

Ste®-limBind(i3A) = (^TopAlg- lim Bind(SA)^ 

We denote the projective limit of the cone of all quotient map pu : A ^ A/U in the category Ste® by the same 
symbol (as for the category TopAlg), ^ a '■ A A^ , and we call it the stereotype Arens-Michael envelope of the 
algebra A: 

'^A = Ste®-limi3A = (TopAlg- lim^A)^- (4.35) 
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The range of this niorphism, A'^ , is also called the stereotype Arens-Michael envelope of the algebra A: 

= Ran(9A) = (lopAlg-l^imA/t/) (4.36) 

J7 is a Bubmultiplicativc 
neighborhood of zero in A 

The analog of Theorem 14. 181 looks as follows: 

Theorem 4.20. The stereotype Arens-Michael envelope is an envelope in Ste® with respect to the system of 
Banach quotient maps B, and to each morphism ip : A ~> B in Ste® the formula 

(f^ = ^im ^im ip"^ o ajs (4.37) 

tEBb ctEBa 

assigns a morphism ip'^ : A^ — > B^ such that the following diagram is commutative: 

A , (4.38) 

I 

B ^ 

and the map {A,(p) i-^ {A'^,(p'^) is a covariant functor from Ste® into Ste®. 

And the analog of Lemma 14.41 is the following: 

Lemma 4.5. In the category Ste® of stereotype algebras the net B of Banach quotient maps consists of dense 
epimorphisms and generates on the inside the class of morphisms with values in Banach algebras. 

Theorem l4.19l gets an analog with qualitative differences, since local local limits of the net of Banach quotient 
map apparently can be not epimorphisms (however, this question remains open): 

Theorem 4.21. In the category Ste® of stereotype algebras the envelope with respect to the class BanAlg of 
Banach algebras exists for each algebra A in the following classes of morphisms: 

— in the class Epi of all epimorphisms, and then the envelope is connected to the stereotype Arens-Michael 
envelope by the formula 

enVg^Aig ^ = redoo o coimoo ^a, (4.39) 
where redoo and coirrioo are elements of nodal decomposition in the category Ste® of stereotype algebras, 

— in the class DEpi of all dense epimorphisms, and then the envelope is connected to the stereotype Arens- 
Michael envelope by the formula 

envBanAig ^ = redoo ^A o coirrioo ^a, (4.40) 

where redoo cind coirrioo are elements of nodal decomposition in the category Ste® of stereotype spaces (not 
algebras), 

— in the class SEpi of all strong epimorphisms, and then 

envBanAig ^ = coirPoo ^A, (4.41) 
where coirrioo *s the element of nodal decomposition in the category Ste® of stereotype algebras. 
In all those cases the envelopes are covariant functor from Ste® into Ste®. 



Proof. By Lemma [451 the net B generates on the inside the class of morphisms with values in Banach algebras, 
so we can apply Theorem 12.131 and we obtain (|4.39l) . The same reasoning give formula (j4.40p . but one need 
to notice here that the dense epimorphisms e in Ste® are exactly the morphisms which being considered as 
morphisms in the category Ste of stereotype spaces, have degenerated nodal decomposition: inioo e — lRan(£) 
(the isomorphism in the category Mono(Ran(e))). Finally, for formula (|4.4ip we need to supplement Lemma 11751 
with Theorem [221 □ 
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Fourier transform on a commutative Sten group. Let G be a commutative compactly generated Stein 
group, 0{G) the algebra of holomorphic functions on G, 0*(G) its dual space, considered as stereotype algebra 
with multiplication generated by the multiplication in G (see details in [3 ), G* the dual group of complex 
characters on G, i.e. continuous homomorphisms x : G — > into the multiplicative group of non-zero 
complex numbers (G* is endowed with the pointwise multiplication and with the topology of uniform convergence 
on compact sets in G), J-'g ■ 0*{G) 0{G') the Fourier transform on G, i.e. the homomorphism of algebras 
acting by formula 

value of the function J^g(^) £ 0{G*) 
in the point x ^ G* 
i 

JgWW -«(x) ixeG', aeO*{G)) 

T 

action of the functional a G 0*(G) 
at the function X S G* C 0(G) 

Theorem 4.22. For each compactly generated commutative Stein group G its Fourier transform J-'g : 0*{G) — >■ 
0{G') is the Arens-Michael envelope of the algebra 0*{G), and it coincides with the envelope with respect to 
the class of Banach algebras in the classes Epi of all epimorphisms and DEpi of all dense epimorphisms (both 
in the categories TopAlg and Ste® j; 

^G = ^o* (G) - en4t,,, O* (G) = env^^ ' (4.42) 

Proof. In 3 it was proved that in TopAlg 

By formula (|4.32p this implies the other equalities in the category TopAlg. In addition, 0{G*) is a Frechet 
algebra, hence from the fact that the morphism J^J '■ 0*{G) — ?> 0{G*), as the local limit in TopAlg, is a dense 
epimorphism, it follows that it must be a dense epimorphism in Ste® as well. That is irrioo '^o*{G) — ^^o{G')j 
and therefore in formulas (I4.39P and (|4.40p the left sides can be replaced by the morphism ^o*{G)- Thus, (j4.42p 
is also true in Ste®. □ 

(d) C*-envelopes 

G*-envelopes in the category InvTopAlg of involutive topological algebras. 

• Let us say that a topological algebra A is involutive, if it has the operation of involution x i-^ x (in the usual 
sense, cf. [2] or [33]), and this operation is continuous as a map from A into A. The involutive topological 
algebras form a category InvTopAlg, where morphisms are continuous involutive homomorphisms (p : A ^ 
B preserving identity: 



Lp{\- X + ^i-y) ^ \- Lp{x) + ^- Lp{y), ip{x ■ y) = ip{x) ■ ip{y), .^(1) = 1, ip{x) ^ ip{x) 

Obvious examples of such algebras are usual G*-algebras ([14], [23]). Another example is the algebra G(M) 
of continuous functions on a paracompact locally compact topological space M with the topology of uniform 
convergence on compact sets, cf.[5]. 

• By C* -seminorm on an involutive algebra A we mean any seminorm p : A ^ satisfying the following 
condition: 

p{x ■ x) = p{x)'^ , X e A. (4.43) 
By the Z. Sebestyen theorem |32) . any such seminorm automatically preserves involution and is submultiplicative: 

p{x)^p{x), p{x-y)i^p{x)-p{y). 
The identity (j4.43p implies in particular the equality 

p(l)=p(l-T)=p(l)2, 

which mean that p must turn 1 either into 1, or into 0, 

p(l) = l V p(l) = 0, 
and the second one means that p vanishes, since in this case 

p{x) = p{x ■ 1) ^ p{x) ■ p(l) — p{x) -0 = 0. 
Further we will be interested in continuous G*-seminorms on involutive topological algebras. 
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• Let us call a C* -neighborhood in a topological algebra A any closed absolutely convex neighborhood of 
zero U, for which the Minkowski functional 

p{x) = inf{A > : X ■ x G U} 

is a C*-seniinorm on A. For any such neighborhood of zero U the quotient algebra A/U (defined on 
p imp is a C*-algebra, and we call it the C* -quotient algebra of A, and the natural map pu ■ A A/U 
will be called a C* -quotient map of A. The symbol C* will denote the class of all C*-quotient maps 
{pu ■ A — !■ A/U}, where A runs over the class of involutive topological algebras, and U over the set of all 
C*-neighborhoods of zero in A. 



The following fact is an analog of Proposition |4T] 

Proposition 4.2. The class C* of all C* -quotient maps is a net of epimorphisms in the category InvTopAlg of 
involutive topological algebras, and the semi-order — > in C* is equivalent to the embedding of the neighborhoods 
of zero: 

PV ^ PU ^ V CU. (4.44) 

Proof. By definition, the relation pv pu means the existence of ain involutive continuous homomorphism 
of C*-algebras l : A/V — A/U, such that diagram (14.27^ is commutative. By the well-known property of 
C*-algebras [531 Theorem 2.1.7], the homomorphism l cannot increase the C*-norm: ||t(a;)|| ^ ||.t||. Being 
applied to C*-seminorms pu and pv, which correspond to the neighborhoods U and V , this means inequality 
Pu{x) ^ pv{x), which in its turn is equivalent to embedding C t/. □ 

• The net C* will be called the net of C* -quotient maps. 

• For each involutive topological map A the family of C*-quotient maps pjj : A ^ A/U is a projective 
cone of the covariant system Bind(C^). The projective limit of this cone in the category InvTopAlg of 
involutive topological algebras is called the C* -envelope of the algebra A and is denoted^^l -(^a ■ A A^: 

Oa^\^C\. (4.45) 

(this limit always exists, since the category InvTopAlg is complete). The range of this morphism 

A'^ = Ran(O^) = InvTopAlg- 1^ A/U. (4.46) 

[/ is a 

C*-ncighborhood of zero in A 

is also called a C* -envelope of the algebra A. 
Theorem 11.111 implies 

Theorem 4.23. The C* -envelope is an envelope in InvTopAlg with respect to the .system C* of C* -quotient 
maps, and to each morphism ip : A B in InvTopAlg the formula 

ip^ = l^m ^m iy9^ o ac- (4.47) 

assigns a morphism (p^ : A^ B^ such that the following diagram is commutative, 

A — > AO , (4.48) 

I 

B — >b0 

and the map {A,ip) H> {A^jip^) is a covariant functor from InvTopAlg into InvTopAlg. 

Lemma 4.6. In he category InvTopAlg of involutive topological algebras the net C* of all C* -quotient maps 
consists of dense epimorphisms and generates on the inside the class of morphisms with values in C* -algebras. 



^We use here the notation of Yu. N. Kuznctsova from 1211 . 



118 



Proof. Suppose ip : A ^ B is a morphism into a C*-algebra B. Take the unit ball V in B, and consider its 
preimage U = (p~^{V). This is a neighborhood of zero in A, and its Minkowski functional p coincides with the 
composition of if and the norm on B: 

p{x) = inf{A > : A • x £ ip'\V)} = inf{A > : A • ^{x) eV}^ \\vix)\\ • 

This means that p is a C*-seminorm on A: 



p{x ■ x) ^ \\ip{x ■ x)\\ ^ ip{x)-ip{x)) ^\\ip{x)\\ ^p{x) . 
In other words, J7 is a C*-neighborhood of zero in A. Then we repeat the proof of Lemma WM □ 
The following proposition is proved by analogy with Theorem 14. 191 

Theorem 4.24. In the category InvTopAlg of involutive topological algebras the envelope with respect to the 
class C* of all C* -algebras exists for each algebra A in the following classes of morphisms: 

— in the class Epi of all epimorphisms, 

— in the class DEpi of all dense epimorphisms, 

— in the class SEpi of all strong epimorphisms. 

In the first two cases the envelopes coincide with each other and with the C* -envelope: 

env^P' A = env^^P' A = <)a- (4.49) 
And in the third case the envelope coincide with the nodal coimage of the C* -envelope: 

envc.^PU coirrioo Oa- (4.50) 
In all these cases the envelopes are covariant functors from InvTopAlg into InvTopAlg. 

The C*-envelopes in the category InvSte® of involutive stereotype algebras. As in the case of the 
Arens-Michael envelopes, in the full subcategory InvSte® of involutive stereotype algebras of the category 
InvTopAlg the properties of the C*-envelopes change since the local limit InvSte®- ^imC^ of the net C* in 
the category InvSte® may not coincide with the local limit InvTopAlg- lim in InvTopAlg. The connection 
between them is the following: 



InvSte®- limBind(C;^) = (^InvTopAlg- Hm Bind (Q) 



To avoid new notations, we will use the same symbol ()a '■ A for the projective limit of the projective 

cone of C*-quotient maps pu : A ^ A/U in the category InvSte® (as we did it for the category InvTopAlg). 
We call it the stereotype C* -envelope of the algebra A: 

<>A ^ Ste®-^Q = (^TopAlg-^C^)^. (4.51) 

The range of this morphism will also be called the stereotype C* -envelope of the algebra A: 

A^ = Ran(Oyi) = (lopAlg- ^ v4/C/)^. (4.52) 

(7 is a 

C*-ncighborhood of zero in A 

The analogs of Theorems 14.231 14.241 and of Lemma [46] look here as follows: 

Theorem 4.25. The stereotype C* -envelope is an envelope in InvSte® with respect to the system C* of C* - 
quotient maps, and to each morphism if : A B in InvSte® the formula 

ip^ = lim lim ip'^ o ac (4.53) 

assigns a morphism ip^ : A^ — >■ B'^^ such that the following diagram is commutative, 

A — > AO , (4.54) 

I 

B ^ >bO 

and the map {A,(p) M> {A^^ipO) is a covariant functor from InvSte® into InvSte®. 
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Lemma 4.7. In the category InvSte® of involutive stereotype algebras the net C* of all C* -quotient maps 
generates on he inside the class of morphisms with values in C* -algebras. 

Theorem 4.26. In the category InvSte® of involutive stereotype algebras the envelope with respect to the class 
C* of all C* -algebras exists for each algebra A in the following classes of morphisms: 

— in the class Epi of all epimorphisms, and then the envelope is connected to the stereotype C* -envelope 
through the formula 

envcf A = redoo o coirrioo Oa, (4.55) 

where redoo O'^d coirrioo are elements of the nodal decomposition in the category InvSte® of involutive 
stereotype algebras, 

— in the class DEpi of all dense epimorphisms, and the the envelope is connected with the stereotype C* - 
envelope through the formula 

em^^'" A = redoo<>A°co\moo<>A, (4.56) 

where redoo and coirrioo are elements of the nodal decomposition in the category Ste of stereotype spaces 
(not algebras), 

— in the class SEpi of all strong epimorphisms, and then 

en Vq^'^' j4 = coirrioo <^A, (4-57) 

where coimoo is the element of nodal decomposition in the category InvSte® of involutive stereotype alge- 
bras. 

In all these cases the envelopes are covariant functors from InvSte® into InvSte®. 



The Gelfand transform as a C*-envelope of a commutative algebra. 

• By involutive spectrum Spec(yl) of an involutive topological (respectively, stereotype) algebra A over C 
we mean the set of its involutive characters, i.e. homomorphisms x : A — >■ C (also continuous, involutive 
and preserving identity). This set is endowed with the topology of uniform convergence on the totally 
bounded sets in A. 

• By Gelfand transform of an involutive stereotype algebra A we mean the natural map Qa ■ A — > C{M) 
of A into the algebra C{M) of functions on the involutive spectrum M = Spec(A), continuous on each 
compact set K (- M: 

gA{x){t) =t{x), i e M = Spec(A), X e A. (4.58) 

We endow algebra C{M) with the topology which is a pseudosaturatioiO of the topology of uniform 
convergence on compact sets in M - this turns C{M) into a stereotype algebra. In the special case, 
when M is a paracompact locally compact space, the topology of uniform convergence on compact sets 
in M is already a pseudosaturated (and complete) topology on C(M), so C(M) becomes a stereotype 
algebra already at this step [21 Sec. 8.1] (and the operation of pseudosaturation do not change this topology 
anymore) . 

• For each compact set K C M let us consider the restriction map 

nK.C{M)~^C{K), v^y\^. 
and let Qk — t^k o 7 be the composition 

A > C(M) (4.59) 




C{K) 

If K and L are two compact sets in M, and K (Z L Q M, then by symbol vrj^ we denote the restriction 
map 

nj^ : C{L) ^ C{K), y ^ 2/|^. 

The operation of pseudosaturation was defined in 2, Sec. 1.4]. 
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Obviously, the algebra C{M) with the system of projections pK ■ C{M) C{K), K C M, is a projective 
limit of the system of binding morphisms tt^ : C{L) — > C{K), K L C M (in the category InvSte®): 

C{M) = InvSte®- lim C{K). 

KCM 

Proposition 4.3. For any involutive stereotype algebra A its Gelfand transform Qa '■ A — C{M) is a morphism 
of stereotype algebras. In the special case when the spectrum M — Spec(A) of A is a paracompact locally compact 
space, the morphism Qa ■ A — > C{M) is a dense epimorphism. 

Proof. In the first part of this proposition only the continuity of the map Qa is not obvious. Take a base 
neighborhood of zero U in C(M), i.e. U — {f ^ C{M) : supjg^ \f{t)\ ^ £} for some compact set T C M and 
some e > 0. Its preimage under the map Qa '■ A C{M) is the set {x G A : sup^gj^ ^ e} = £ • °T, i.e. 

the homothety of the polar °T of the compact set T. Since A is stereotype, °T is a neighborhood of zero in 
it. This proves that the map Qa ■ A ^ C{M) is continuous if the space C(M) is endowed with the topology 
of uniform connvergence on compact sets in M. Since the space A, being stereotype, is pseudosaturated, this 
means that under the pseudosaturation of the topology in C(M) the map Qa '■ A ^ C{M) remains continuous 
(this follows, for example, from [21 Theorem 1.16]). 

Suppose further that M = Spec(A) is a paracompact locally compact space. For each compact set K C M 
the image QxiA) of the algebra A in C{K) under the map Qk is an involutive subalgebra in C{K), and 
it contains the identity (and hence, all constant functions) and differs the points t € K. So by the Stone- 
Weierstrass theorem, Qk{A) is dense in C{K). This is true for each map Qk = t^k ° 7, where K is a compact 
set in M. Since the topology in C(M) is the projective topology with respect to the maps ttk, we have that 
the image Qa{A) of A in C{M) is dense in C{M). □ 

Theorem 4.27. For each commutative involutive stereotype algebra A the system of morphisms Qk ■ A — J> C{K) 
consists of dense epimorphisms and is isomorphic in the category Epi(A) to the system pjj : A ^ A/U of all 
C* -quotient maps of A, 

{Qk:A-^ C{K), K C Spec(A)} = C^. (4.60) 

Under this isomorphism 

— the system of restrictions tt^ : C{L) C{K), K (- L C M turns into the system Bind(C^) of binding 
morphisms of the net C* on the algebra A: 

{tt^ : C{L) C{K), KCLC Spec(A)} ^ Bind(C:^). (4.61) 

— the Gelfand transform Qa ■ A — C{M) is a local limit of the net C* on the algebra A (and hence, it 
coincides with the stereotype C* -envelope of the algebra A): 

Qa = InnCl = <?A (4.62) 

Proof. On each compact set KCM the algebra of functions of the form Qa{x), where x ^ A, differs the 
points, contains constant functions, and is invariant with respect to involution, so it is dense in C{K) by the 
Stone- Weierstrass theorem. This implies, that the algebra C(M), which contains A, is also dense in C{K), so 
both morphisms Qk '■ A — C{K) and ttk ■ A C{K) are dense epimorphisms (in the category InvSte®). 

The range A/U of each C*-quotient map pu ■ A ^ A/U must be a commutative C*-algebra, hence it 
is isomorphic to the algebra C(T[/) of continuous functions on its spectrum Tjj. Under the dual map : 
Spec(A) Spec{A/U) this spectrum Tjj is homeomorphically turned into a compact set Kjj = p\j{Tu) in the 
space M = Spec(A), and we get the following diagram 




A/U > C{Ku) 

yu 

where Qu is the Gelfand transform of the algebra A/U in composition with the map, dual to the homeomorphism 
Tu = Ku. 

On the contrary, for each compact set KCM the set 

Uk = {a e A : sup \t{a)\ ^ 1} 
teK 
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is a C*-neighborhood of zero in A. The corresponding quotient algebra A/Uk will be commutative, hence it 
is isomorphic to the algebra C{Tk) of continuous functions on its spectrum Tk, which is in addition homeo- 
morphic to K. If we denote by Gk the composition of the Gelfand transform of A with the dual map to the 
homeomorphism Tk = K, we obtain a commutative diagram 




A/Uk > C{K) 

Together this proves (|4.60p . and (I4.6ip and (|4.62p become its obvious corollaries. □ 

Lemma 4.8. // the spectrum M = Spec(A) of a stereotype algebra A is a k-space, then for each extension 
a : A ^ C in the class Mor of all morphisms (in InvSte®J with respect to the class of C* -algebras the dual map 
of spectra 

a* : Spec(C) Spec(yl) = M a{s) = soa, s e Spec(C) 

is a homeomorphism of topological spaces. 

Proof. First, the map a* must be an injection, since if some characters s ^ s' ^ Spec(C) have the same image 
under the action of cr*, i.e. 

s o a = a*{s) = cr*(s') = s' o a, 

then this can be understood in such a way that the character soa — s' oa : A C has two different continuations 
on C: 

A ^ >C 



soa—s oa 




This is impossible, since a is an extension, in particular, with respect to the C*-algebra C. 

On the other hand, the map cr* is a covering, i.e. for each compact set K in M there is a compact set T 
in Spec(C) such that cr*(T) D K. Indeed, if if is a compact set in M = Spec(A), then, since a : A ^ C is 
an extension with respect to the class of C*-algebras, the natural homomorphism Gk ■ A — > C{K) into the 
C*-algebra C{K) have a continuation to C, i.e. a siagram arises: 




If we now put T = t'^{K), then 

a*{T)^a*[T*K{K))=G^AK)=K. 

In addition, from the fact that cr* is a covering, it follows that it is surjective. We obtain that cr* : Spec(C) — >■ 
Spec(A) is a continuous bijective covering. Since Spec(A) is a fe-space, the map cr* is open, and thus, a 
homeomorphism. □ 

The following result supplements the results of Yu. N. Kuznetsova's paper |21) : 

Theorem 4.28. If A is a commutative involutive stereotype algebra with the paracompact locally compact invo- 
lutive spectrum M — Spec(A), then its C* -envelope (in the category InvSte® j in the classes of all morphisms, 
all epimorphisms and all dense epimorphisms is the algebra C{M) of continuous functions on M : 

A'^ = Envc* A = Env^Pj A = Env°^P' A = C{M) 

Proof. The equality A^ = C{M) is already stated in Theorem 14.271 The other two ones with Epi and DEpi are 
proved quite simply (after the preparatory work which has already been done). For the class Epi the reasoning 
are as follows. By Theorem 14.271 the morphism Ga is a local limit of the net C* on the object A, and by 
Proposition 14.31 it is an epimorphism: 

fciC^ ^Ga^ Epi . 
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On the other hand, by Lemma 14.71 the net C* generates on the inside the class of morphisms with values in 
C*-algebras. Together this means that one can apply Theorem II .131 and we will obtain that Qa is an envelope 
in the class Epi of all epimorphisms with respect to the class of C*-algebras: 

env^l' A ~ ~ Ga- 

Similarly, if we replace Epi by DEpi, we obtain the equality 

env^^"" A = = Qa- 

Thus, it remains only to prove the equality where Epi is replaced by the class Mor of all morphisms in 
InvSte®: 

Envc* A ^ C{M). 

Let us show first that Qa : A ^ C{M) is an extension of the algebra A with respect to the class of C*-algebras. 
Suppose that (/s : A — > _B is a morphism of A into a C*-algebra B. For constructing the dotted arrow ip' in 
diagram (|1.5|) . 

A C{M) 




we can think that B is commutative and that <f{A) is dense in B (since otherwise we can replace B by the 
closure Lp{A) in i?, and this will a commutative subalgebra in B). Then from the commutativity of B we deduce 
that B is of the form C{K), and from the density of ip{A) in i? - that the compact set K is injectively embedded 
into M ~ Spec(yl). So our diagram can be represented as follows: 



A' 



Qa 




^ C{M) 



'■p' 



C{K) 



where is a compact subset in M, and Qk is defined in (I4.59|) . Clearly, one can take as Lp' the restriction map 
TTif from M to if, which we considered before: 



A' 



Qa 




-¥ C{M) 



/ ttk 



C{K) 

In this way the dotted arrow will be unique, since by Proposition 14.31 C 4 is an epimorphism. 

Let us now check that Ga '■ A ^ C{M) is a maximal extension, i.e. for any other extension a : A ^ C there 
is a unique morphism f : C — >■ C{M) such that the following diagram is commutative: 



A 




(4.63) 



C 



-- C{M) 



By Lemma r4. 81 the dual map of spectra a* : Spec(C) — !> Spec(A) — M is a homeomorphism. Hence, a map is 
defined 



v.C C{M) 



v{y){t)^{a*)-\t){y), y e t e M. 



m 

Spec(C) 



It is verified elementary that this is a morphism of involutive topological algebras. In addition, diagram (|4.63p 
is commutative: 

v{a{x)){t) = {a*)-'ma{x)) = a* {{a*)~\t)){x) - t{x) = GA{x){t), x G A, t e M 
i.e. V o a = Ga- 
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It remains to verify that the dotted arrow in (j4.63l) is unique. Suppose that v' is another dotted arrow with 
the same properties: 

V o a — Qa — v' o a. (4.64) 
If V and v' are different, they do not coincide on some vector y C: 

uiy) 7^ v'iy)- 

Here in both sides there are functions on M, so the inequahty means that they do not coincide in some point 
t e M: 

v{y){t)^v'{y){t). 

Put 

s{z) = v{z){t), s'{z) = v'{z){t), z e C, 
then we see that two different characters on C give a same character in composition with a: 

s{aix)) = v{<7{x)){t) ^ Km v'{a{x)){t) = s'{a{x)), x e A. 

By Lemma 14.81 this is impossible, so our initial supposition that v ^ v' is also not true. □ 

Fourier transform on a commutative locally compact group. Let G be a commutative locally compact 
group, C(G) the algebra of continuous functions on G, C*(G) the dual stereotype space, considered as a stereotype 
algebra with the multiplication generated by the multiplication on G (see details e.g. in |;2 ), G* the dual group of 
characters on G, i.e. continuous homomorphisms x : G — >■ T into the circle T (G* is endowed with the pointwise 
algebraic operations and the topology of uniform convergence on compact sets in G), J-q ■ C*{G) — >■ C(G*) the 
Fourier transform on G, i.e. the homomorphism of algebras, acting by formula 

value of the function J-'G(a) £ C(G*) 
in the point x ^ 

i 

Jg(5w {xeC, aeC*{G)) 

t 

action of the functional a (E C* (G) 
at the function x £ G* C C(G) 

The following observation belongs to Yu. N. Kuznetsova [21]: 

Theorem 4.29. For each commutative locally compact group G its Fourier transform J-q : C*{G) — > C(G*) 
is a C* -envelope of the algebra C*{G), and coincides with the envelope with respect to the class of C* -algebras 
in the classes Mor of all morphisms, Epi of all epimorphisms and DEpi of all dense epimorphisms of involutive 
stereotype algebras: 

= Oc^iG) = envc* C*(G) = env^Pj C*(G) = env^^^' C*(G). 



Proof. The spectrum of the algebra C*{G) is homeomorphic to G' , so everything follows from Theorem l4.28l □ 
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